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William Thompson

(Lord Kelvin)

1824 - 1907

“There is nothing new 

to be discovered in 

physics now. 

All that remains is more 

and more precise 

measurement”   (1900)
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“In this field [physics] 

almost everything is 

already discovered, 

and all that remains is 

to fill a few holes.”
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GW151226: a late Christmas present

Binary black hole merger: ~14 and ~8 solar masses 

https://www.ligo.caltech.edu/video/ligo20160615v3

• Lower SNR, detected  

via matched filtering

• Spent  ~1 second in 

band; inspiral observed 

for much longer than with 

GW150914

• Peak GW strain of about

3.4 x 10-22

• At least one of BHs has 

spin > 0.2

Abbott, et al., 
LIGO Scientific Collaboration and Virgo Collaboration, 

‘GW151226: Observation of Gravitational Waves from a  
22-Solar-Mass Binary Black Hole Coalescence’   

Phys. Rev. Lett. 116, 241103 (2016)
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GW 170104 – Detected January 4th 2017

Announced June 1st 2017
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Gravity in Einstein’s Universe

“Spacetime tells matter how to move, 

and matter tells spacetime how to curve”

SUSSP73, July 2017



 TG 

Spacetime 

curvature
Matter 

(and energy)
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“The greatest feat of human thinking 

about nature, the most amazing 

combination of philosophical 

penetration, physical intuition and 

mathematical skill.”         Max Born



Does General Relativity really fit?

Compton Wavelength of the GravitonPost-Newtonian Approximation to GR

• GW150914 was the first observation of a binary black hole merger  

• Our best test of GR in the strong field, dynamical, nonlinear regime

• Event better than the binary pulsar system PSR J0737-3039

• We now have combined constraints from all 3 confirmed detections

Abbott, et al., LIGO Scientific Collaboration and Virgo Collaboration, “Tests of general relativity with GW150914”, 

http://arxiv.org/abs/1602.03841

http://arxiv.org/abs/1602.03841


What we are going to (try to) cover

1. Foundations of general relativity

2. Introduction to geodesic deviation

3. A mathematical toolbox for GR

4. Spacetime curvature in GR

5. Einstein’s equations

6. A wave equation for gravitational radiation

7. The Transverse Traceless gauge

8. The effect of gravitational waves on free particles

9. The production of gravitational waves
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We are going to cram a lot of mathematics and

physics into about 3 hours.

Two-pronged approach:

➢ Lecture slides presenting 

“highlights” and illustrations / 

examples

➢ Comprehensive lecture 

notes, providing a longer-term 

resource and reference source

Copies of both will be available via the SUSSP73 website

SUSSP73, July 2017



“The hardest 

thing in the world 

to understand is 

the income tax”
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1. Foundations of General Relativity   (pgs. 6 – 12)

GR is a generalisation of  Special Relativity (1905).

In SR  Einstein formulated the laws of physics to be valid 

for all  inertial observers

 Measurements of space and time relative 

to observer’s motion. 

SUSSP73, July 2017



The world of Galileo and Newton

(and everyday “common sense”...)

Working out how things look to different observers 

follows simple rules, in different reference frames

x’  =  x – v t  

SUSSP73, July 2017



The world of Galileo and Newton

(and everyday “common sense”...)

Working out how things look to different observers 

follows simple rules, in different reference frames
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James Clerk Maxwell’s theory of light

Light is a wave caused 

by varying electric and 

magnetic fields 

(but how does light propagate 

through space?...)
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Light from 

distant stars

Through the Ether?…

Ether 
drift

Michelson and Morley devised 

an experiment to measure the 

speed of light coming from 

different directions



River flow

. .

.

A B

C

The Michelson and Morley 
Experiment would try to 
measure the “Ether Drift” 
by timing different light 
beams – like swimmers on 
a fast-flowing river



River flow

. .

.

A B

C

They detected absolutely no Ether 
Drift. Something weird was going on.

Light was not following Newton’s rules

The Michelson and Morley 
Experiment would try to 
measure the “Ether Drift” 
by timing different light 
beams – like swimmers on 
a fast-flowing river



James Clerk Maxwell’s theory of light

Light is a wave caused 

by varying electric and 

magnetic fields 



But what if I travelled 

alongside a light 

beam?  Would it still 

wave?



50mph Speed of light relative to the 

ground  faster  than speed of 

light relative to the train?



50mph

In Einstein’s relativity, the 
speed of light is unchanged
by the motion of the train

➢ Measurements of space 
and time are relative
and depend on our motion

➢ Unified spacetime - only
measurements of the  
spacetime interval are 
invariant

➢ Equivalence of matter and 
energy



h

Train carriage

Torch beam 
reflected off 
roof of carriage

Distance = speed x time

2h  =  c x tc
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Now viewed from the platform…

v
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As seen by an observer on the station platform…

Light beam appears to follow a longer, diagonal  path due to 

the motion of the train through the station.

Lamp

Mirror

Lamp

Mirror

Lamp

Mirror

V
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The base of this triangle is v tP

v tP

Now viewed from the platform…
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This is an isosceles triangle, so it’s made 
up of two equal right angled triangles

Now viewed from the platform…

SUSSP73, July 2017



v tP
1

2

Remember: 

h

2h  =  c x tc
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h

Train carriage

Torch beam 
reflected off 
roof of carriage

Distance = speed x time

2h  =  c x tc
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vtm
1

2

ctS
1

2

If both observers measure 
the same speed of light, c…

Total distance  

=  c x tP
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v tP
1

2

c tc2
1

2
1 c tP

If both observers measure 
the same speed of light, c…
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v tP
1

2

c tc2
1

2
1 c tP

tc = ( 1     v2 c2)tP



tc = ( 1     v2 c2)tP

To the observer on the 
platform, it appears that 
time is running more slowly 
on the moving train!!

( 1     v2 c2)

tP =
tcor



Q:  But why can’t I think of the train as 

stationary, and the platform that’s    

rushing past?...

Wouldn’t that mean that, to an   

observer onboard the train it’s the       

clock on the platform that appears 

to be running slowly?

A: YES!!!   (and this feels weird....)

SUSSP73, July 2017



Evidence for Time Dilation
Cosmic Ray

Muons

Slow moving muons would 
never reach sea level, 
because their half-life is 
only 2.2 micro-seconds 

But v = 0.999c, so muon
lifetime appears to us to 
be greatly extended

60km
(in our frame)

Sea level



Evidence for Time Dilation
Cosmic Ray

Muons

In the muons’ frame their 
half-life is still only 2.2 s

60km
(in our frame)

So, from the muons’ point 
of view it’s the distance
they travel which is much 
shorter

Length Contraction

Sea level



There is much scope for head-scratching – and at 

first glance what look like paradoxes – when we try 

to switch reference frames.

1. Pole in the barn paradox

2. Twins paradox

Resolution is to do with

what we mean by  simultaneity and the  interval

between spacetime events.

SUSSP73, July 2017



1. Foundations of General Relativity   (pgs. 6 – 12)

GR is a generalisation of  Special Relativity (1905).

In SR  Einstein formulated the laws of physics to be valid 

for all  inertial observers

 Measurements of space and time relative 

to observer’s motion. 

Invariant interval

Minkowski

metric
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Isaac Newton:

1642 – 1727 AD

The Principia: 1684 - 1686

Newtonian gravity is incompatible with SR

SUSSP73, July 2017



Moon’s orbit

Earth



Moon’s orbit

But how does the Moon 

know to orbit the Earth?

How does gravity act at a 

distance across space?

Earth



The Principia: 1684 - 1686

Principles of Equivalence

amF II


Inertial Mass

Gravitational Mass gmr
r

Mm
F G

G
G


 ˆ

2

Weak Equivalence Principle

Gravity and acceleration are  equivalent

GI mm 
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The Principia: 1684 - 1686

The WEP implies:

A object freely-falling in 

a uniform gravitational 

field inhabits an 

inertial frame in which 

all gravitational forces 

have disappeared.

But only LIF:  only local over 

region for which gravitational 

field is uniform.

SUSSP73, July 2017



The Principia: 1684 - 1686
SUSSP73, July 2017

Strong Equivalence Principle

Locally (i.e. in a LIF)  

all  laws of physics 

reduce to their SR 

form – apart from 

gravity, which simply 

disappears.



The Principia: 1684 - 1686

The Equivalence principles 

also predict gravitational 

light deflection…

Light enters lift horizontally at X, at 

instant when lift begins to free-fall.

Observer A is in LIF. Sees light 

reach opposite wall at Y (same 

height as X), in agreement with SR.

To be consistent, observer B 

outside lift must see light path as 

curved, interpreting this as due to 

the gravitational field

Light path

SUSSP73, July 2017

Similarly, EPs predict gravitational redshift



2. Introduction to Geodesic Deviation   (pgs.13 – 17)

In GR trajectories of freely-falling particles are  geodesics – the 

equivalent of straight lines in curved spacetime.

Analogue of Newton I:   Unless acted upon by a non-gravitational 

force, a particle will follow a geodesic.

Einstein’s RelativityEinstein’s Relativity

Matter causes space Matter causes space 

to to curvecurve or or warpwarp

SUSSP73, July 2017



The curvature of spacetime is revealed by the behaviour of 

neighbouring geodesics.

Consider a 2-dimensional analogy.

Zero curvature:  geodesic deviation unchanged.

Positive curvature:  geodesics converge

Negative curvature: geodesics diverge

SUSSP73, July 2017



Non-zero curvature

Acceleration of geodesic deviation

Non-uniform gravitational field
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We can first think about geodesic deviation and curvature in a 

Newtonian context

By similar triangles

Hence

Earth

SUSSP73, July 2017



We can first think about geodesic deviation and curvature in a 

Newtonian context

or

which we can re-write as

Earth

SUSSP73, July 2017



At Earth’s surface this equals

We can first think about geodesic deviation and curvature in a 

Newtonian context

or

which we can re-write as

Earth

SUSSP73, July 2017



Another analogy will help us to interpret this last term

Differentiating:

Sphere of 

radius  a

SUSSP73, July 2017



Another analogy will help us to interpret this last term

Differentiating:

Comparing with previous slide:

represents radius of curvature of 

spacetime at the Earth’s surface

Sphere of 

radius  a

SUSSP73, July 2017



3. A Mathematical Toolbox for GR   (pgs.18 – 32)

Riemannian Manifold

A continuous, differentiable 

space which is locally flat 

and on which a distance, or 

metric, function is defined.

(e.g. the surface of a sphere)

The mathematical properties of a Riemannian 

manifold match the physical assumptions of the 

strong equivalence principle

SUSSP73, July 2017



Vectors on a curved manifold

We think of a vector as an 

arrow representing a 

displacement.


 exx




components basis vectors

In general,  components of vector different at X and Y, even if the 

vector is the same at both points,  because the basis vectors change

SUSSP73, July 2017



Simple example: 2-D sphere.

Set of curves parametrised by 

coordinates

tangent  to ith curve

Basis vectors different at X and Y.

We need to be able to handle 

changing basis vectors and 

components on surfaces of 

arbitrary curvature.

SUSSP73, July 2017



We need rules to tell us how to 

express the components of a 

vector in a different coordinate 

system, and at different points 

in our manifold.

e.g. in new, dashed, coordinate 

system, by the chain rule

SUSSP73, July 2017

This is a transformation law. 

Definition of a vector: any set of 

components that transforms like 

this



Generalisation to tensors 

We can construct more general geometrical objects called  tensors

which again are defined by how they transform. 

e.g. an (l,m) tensor is a  linear operator  with transformation law

Vectors are the special case of a (1,0)  tensor.

If a tensor equation can be shown to be valid in a particular 

coordinate system, it must be valid in any  coordinate system.

SUSSP73, July 2017



Example: 

metric  tensor

Invariant interval

(scalar)

Contravariant vectors

or  (1,0) tensors 

Invariant interval

Minkowski

metric

Remember, 

for SR

Now generalises to

These can be 

functions of space 

or time

SUSSP73, July 2017



Covariant differentiation

In physics we need to be able to differentiate quantities like vectors –

this involves subtracting components at neighbouring points.

This is a problem because the transformation law for the components 

of vectors will in general be different at  P and Q.

To fix this problem,

we need a procedure for

transporting the 

components of  A  

from P to Q.

SUSSP73, July 2017



Covariant differentiation

We call this procedure Parallel Transport

A vector field is parallel transported along a curve, when it mantains a 

constant angle with the tangent vector to the curve

SUSSP73, July 2017



Covariant differentiation

We can write

where

Christoffel symbols, connecting the basis 

vectors at Q to those at P

SUSSP73, July 2017



Covariant differentiation

We can now define the  covariant derivative  of a vector (which is 

a tensor)

We want to define physical laws in terms of covariant 

derivatives so that they are valid in any coordinate system.

SUSSP73, July 2017

Ordinary partial derivative



Geodesics

We can now provide a more mathematical basis for the 

phrase “spacetime tells matter how to move”.

The covariant derivative of a tangent vector, along the 

geodesic is identically zero, i.e.

0U
U






SUSSP73, July 2017



4. Spacetime curvature in GR   (pgs.33 – 37)

This is described by the  Riemann-Christoffel tensor,  which 

depends on the metric and its first and second derivatives.

We can derive the form of the R-C tensor in several ways

SUSSP73, July 2017
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In a flat manifold, parallel transport does not rotate vectors, while 

on a curved manifold it does.

SUSSP73, July 2017



After parallel transport around a 

closed loop on a curved manifold, 

the vector does not come back to its 

original orientation but it is rotated 

through some angle.

The R-C tensor is related to this 

angle.

If spacetime is flat then, for all indices

SUSSP73, July 2017



5. Einstein’s Equations   (pgs.38 – 45)

What about “matter tells spacetime how to curve”?...

The source of spacetime curvature is the  Energy-momentum tensor

which describes the presence and motion of gravitating matter (and 

energy).

We consider the E-M tensor for a  perfect fluid

In a fluid description we treat our physical system as a smooth 

continuum, and describe its behaviour in terms of locally averaged 

properties  in each  fluid element.    

SUSSP73, July 2017



Each fluid element may possess a  bulk motion 

with respect to the rest of the fluid, and this relative 

motion may be non-uniform.

Particles within the fluid element will 

not be at rest:

1. Pressure (c.f. molecules in an ideal gas)

2. Heat conduction (energy exchange with neighbours)

3. Viscous forces (shearing of fluid)

Perfect Fluid if each fluid element has no heat conduction or 

viscous forces, only pressure.

SUSSP73, July 2017



Pressure due to random motion 

of particles in fluid element

SUSSP73, July 2017

0; 
T

Energy momentum tensor for a perfect fluid



So how does “matter tell spacetime how to curve”?...

Einstein’s Equations

BUT   the E-M tensor is of rank 2, whereas the R-C tensor is of rank 4.

Einstein’s equations involve  contractions of the R-C tensor.

Define the  Ricci tensor by

and the  curvature scalar by

SUSSP73, July 2017



We can raise indices via

and define the  Einstein tensor

We can show that

so that

SUSSP73, July 2017



Einstein took as solution the form

Solving Einstein’s equations

Given the metric, we can compute the Christoffel symbols, then the 

geodesics of ‘test’ particles. 

We can also compute the R-C tensor, Einstein tensor  and E-M tensor. 

SUSSP73, July 2017



What about the other way around?...

Highly non-trivial problem, in general intractable, but given E-M  

tensor can solve for metric in some special cases.

e.g. Schwarzschild solution, for the spherically symmetric 

static spacetime exterior to a mass  M

Coordinate singularity at r=2M

SUSSP73, July 2017



Radial geodesic

or

Extra term, only in GR

SUSSP73, July 2017



Newtonian solution:

Elliptical orbit

SUSSP73, July 2017



GR solution:

Precessing ellipse

Here

SUSSP73, July 2017



GR solution:

Precessing ellipse

SUSSP73, July 2017



GR solution:

Precessing ellipse

Seen much more 

dramatically in the 

binary pulsar 

PSR 1913+16.

Periastron is 

advancing at a rate of 

~4 degrees per year! 

SUSSP73, July 2017



Radial geodesic for a photon

or

Solution reduces to

So that asymptotically

SUSSP73, July 2017
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1919 expedition, led by Arthur Eddington, to observe 

total solar eclipse, and measure light deflection.

GR passed the test!
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6. Wave Equation for Gravitational Radiation (pgs.46 – 57)

Weak gravitational fields

In the absence of a gravitational field, spacetime is flat.  We define a 

weak gravitational field as one is which spacetime is ‘nearly flat’

i.e. we can find a coord system

such that

where This is known as a 

Nearly Lorentz 

coordinate system.

SUSSP73, July 2017



If we find a coordinate system in which spacetime looks nearly flat, 

we can carry out certain coordinate transformations after which 

spacetime will still look nearly flat:

1) Background Lorentz transformations

SUSSP73, July 2017



If we find a coordinate system in which spacetime looks nearly flat, 

we can carry out certain coordinate transformations after which 

spacetime will still look nearly flat:

2) Gauge transformations

SUSSP73, July 2017



To first order, the R-C tensor for a weak field reduces to

and is invariant under gauge transformations.

Similarly, the Ricci tensor is

where

SUSSP73, July 2017



The Einstein tensor is the (rather messy) expression

but we can simplify this by introducing

So that

And we can choose the  Lorenz gauge to eliminate the last 3 terms

SUSSP73, July 2017



In the Lorenz gauge, then Einstein’s equations are simply

And in free space this gives

Writing

or

SUSSP73, July 2017



In the Lorenz gauge, the Einstein’s equations simplify in free space to

SUSSP73, July 2017

Modified form of metric perturbation

This is a key result. It has the mathematical form of a 

wave equation, propagating with speed c. 

We have shown that the metric perturbations – the 

‘ripples’ in spacetime produced by disturbing the metric –

propagate at the speed of light as waves in free space.



7. The Transverse Traceless Gauge (pgs.57 – 62)

Simplest solutions of our wave equation are  plane waves

Wave amplitude
Wave vector

Note the wave amplitude is symmetric   10 independent components.

Also, easy to show that

i.e. the wave vector is a  null vector

SUSSP73, July 2017



Suppose we orient our coordinate axes so that the plane wave is 

travelling in the positive  z direction.  Then

and

SUSSP73, July 2017



So in the transverse traceless gauge,

where

Also, since the perturbation is traceless

SUSSP73, July 2017



8. Effect of Gravitational Waves on Free Particles (pgs.63 – 75)

Choose Background frame in which test particle initially at

rest.  Set up coordinate system according to the TT gauge.

Coordinates do not change, but adjust themselves as wave

passes so  that particles remain ‘attached’ to initial positions.

Coordinates are frame-dependent labels.

What about  proper distance  between neighbouring particles?

SUSSP73, July 2017



Consider two test particles, both initially at rest, one at origin and the 

other at

i.e.

Now

so

In general, 

this is time-

varying

SUSSP73, July 2017
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• Distortions are  quadrupolar - consequence of fact that   

acceleration of geodesic deviation non-zero only for tidal 

gravitational field.

• At any instant, a gravitational wave is invariant under a rotation of 

180 degrees about its direction of propagation.

(c.f. spin states of gauge bosons;  graviton must be  S=2, 

tensor field)

SUSSP73, July 2017



Design of gravitational wave detectors
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Design of gravitational wave detectors
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~40 yrs on - Interferometric ground-based detectors
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Fractional change in proper separation

Gravitational wave                        propagating along   z axis.

SUSSP73, July 2017



9. The Production of Gravitational Waves    (pgs 76 – 80)

Net electric 

dipole moment

SUSSP73, July 2017

We can understand something important about the nature of

gravitational radiation by drawing analogies with the formulae

that describe electromagnetic radiation.

Analogue is the mass dipole moment:

But

Conservation of linear momentum means no “electric dipole"



Gravitational analogues?...

Conservation of angular momentum implies no “magnetic dipole”

So lowest order radiation produced is “quadrupole”

SUSSP73, July 2017



Also, the quadrupole of a spherically symmetric mass distribution

is zero.

Metric perturbations which are spherically symmetric don’t produce 

gravitational radiation.

Example:   binary neutron star system.

SUSSP73, July 2017
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Thus

where

So the binary system emits gravitational waves at  twice the 

Keplerian orbital frequency.

For GW150914: 𝑀~ 30𝑀⊙ 𝑟 ~ 400Mpc

SUSSP73, July 2017



GW150914 Parameters

distance vs 

inclination

component 

masses component 

spins 

final mass vs 

final spin

arXiv:1602.03840
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Thus

where

So the binary system emits gravitational waves at  twice the 

Keplerian orbital frequency.

For GW150914: 𝑀~ 30𝑀⊙ 𝑟 ~ 400Mpc

𝑅 ~ 350 km  !!!

SUSSP73, July 2017



https://www.ligo.caltech.edu/video/ligo20160211v10



Arxiv: 1608.01940
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