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Part I:  The need for Filter Cavities and their technical
          requirements
• The impact of optical loss inside the filter cavities on the

• required baseline length

• resulting squeezing spectra

• Robustness of the filter cavity parameters

• a deviation of the targeted filter cavity bandwidth

‣ requirements for the coupling mirror reflectance

Part II: Noise and control issues
• Consideration of phase noise in the squeezing path

• Ideas and thoughts for the locking scheme
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Filter cavities are needed to 
compensate the phase-space 

rotation of light fields entering the 
IFO at the output port.

The rotation is determined by the  
IFO topology/configuration
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Filter cavities for GWADs and their technical requirements 7

cavities...

3. Filter cavities and their requirements

3.1. Restrictions for the baseline length of the filter cavity

check numerical values for half-bandwidth and detuning angle...

The required half-bandwidth γfc and detuning Φfc (note that we will define them

as angular frequencies) of the filter cavities giving the optimal frequency dependent

squeezing angle are determined by the interferometer configuration and its induced

phase-space rotation of light fields entering the interferometers output port. The

calculation of these values is presented in Appendix B.

Generally, any round-trip loss will degrade the squeezing level at sideband

frequencies being resonant in the filter cavity. For a given round-trip loss l2rt,fc (mainly

caused by scattering) the resulting loss in reflection of the filter cavity increases with

a decreasing baseline length Lfc of the filter. As well, for a certain length Lfc and

a certain round-trip loss l2rt,fc the loss imposed on the squeezed field increases with a

decreasing half-bandwidth γfc that needs to be realized. Starting from the expression

for the half-bandwidth of a lossy cavity

γfc =
c

2Lfc
arccos



1−
(1− ρc

√
1− l2rt,fc)

2

2ρc
√
1− l2rt,fc



 (1)

one can derive the filter cavity’s coupling mirror reflectance Rc = ρ2c that is required to

achieve the targeted half-bandwidth. One obtains

ρc =
1√

1− l2rt,fc

[
2− cos(F ′)−

√
cos2(F ′)− 4 cos(F ′) + 3

]
(2)

with

F ′ =
2γfcLfc

c
=

γfc
FSRfc

=
π

Ffc
. (3)

Graph a) in Fig. 1 shows the value for Rc = ρ2c according to Eq. (2). In

the underlying calculations the baseline length Lfc and the round-trip loss l2rt,fc were

considered with 10 km and 100 ppm, respectively. The tuning of the filter cavity was

exemplary set to Φfc = γfcLfc/c. It can be seen, that for small half-bandwidths γfc the

reflectance Rc comes close to unity. Correspondingly, the resulting Finesse rises as shown

in Graph b). It can be seen from Eq. (2) that there are two fundamental restrictions

for the choice of the filter cavity length. First, for great values of the Finesse (i.e. for

small half-bandwidths) we obtain

lim
γfc→0

ρc =
1√

1− l2rt,fc

> 1 (4)
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> 1 (4)

1.The required coupling mirror reflectance can be calculated from 
the round-trip loss, the baseline length and the targeted bandwidth 
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which does not represent a physical solution. Thus, there must exist a value Lmin such

that for Lmin < Lfc we always have ρc < 1. The expression for Lmin can be derived to

Lmin =
c

2γfc
arccos



2−
2− l2rt,fc

2
√
1− l2rt,fc



 . (5)

Second, for Lfc < Lcc we obtain ρc >
√
1− l2rt,fc and the filter cavity becomes

under-coupled. But even in the most general case, the interferometer represents an over-

coupled cavity. Hence, an under-coupled filter cavity with Lfc < Lcc can not provide the

phase-space rotation required for the generation of the optimal squeezing angle.

To keep ρc <
√
1− l2rt,fc the filter cavity length needs to be

Lfc > Lcc =
c

2γfc
arccos

[
2−

1 + (1− l2rt,fc)
2

2(1− l2rt,fc)

]
(6)

Please note that for Lfc = Lcc the filter cavity is critical coupled (impedance matched)

and the loss in its reflection is maximum. Therefore, to preserve the squeezing in

reflection of the filter cavities its length should be chosen with Lfc " Lcc. This fact

becomes obvious when looking at graph d) and e) of Fig. 1. They show the reflection of

the filter cavity at its resonance frequency according to Eq. (App xx) and the remaining

squeezing (Eq. APPyy), respectively. At small half-bandwidths the value for Lcc (graph

c)) is of the order of the filter cavity length Lfc = 10 km and hence the reflection and

accordingly the remaining squeezing level are considerably reduced.

In Fig. 2 the filter cavity performance is shown depending on its baseline length

Lfc. In the corresponding calculations we assumed the target half-bandwidth with

γfc = 2.1Hz and the target detuning with Φfc1 = 2π · 7.1Hz · Lfc1/c. Note, that these

values are the requirements for one of the filter cavities that need to be realised in the

ET-LF detector [?]. Again, the round-trip loss was considered with 100 ppm and the

squeezing with 10 dB. Graph a) demonstrates, that even with a filter cavity length of

10 km the amount of squeezing is already reduced by a factor of about 3 dB. At the

crtical length Lfc = Lcc ≈ 1335m the remaining squeezing is merely about 3 dB. For

even shorter filter cavities the squeezing increases again (grey shaded area II) until it

reaches at Lfc = Lmin the initial level of 10 dB. However, in this region the filter is under-

coupled and does not yield the required phase-space rotation of the squeezed field. This

can be understood when considering the extrem case for Lfc = Lmin. Here, Rc is equal

to one and the filter cavity can be replaced by an ordinary mirror that has no frequency

dependence. Again, it can be deduced, that a filter cavity length Lfc " Lcc needs to

be realised in order to preserve the squeezing. In addition, the high finesse of a short

cavity might pose a problem in the environment of a gravitational-wave detector where

the optics needs to be suspended.

So far in Figs. 1 and 2 the remaining squeezing level was shown at the resonance

frequency of the considered filter cavities. In this case the (frequency dependent)

2.For small bandwidths the formula yields non-physical solutions.  
There is a lower limit for the baseline length
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phase-space rotation of light fields entering the interferometers output port. The

calculation of these values is presented in Appendix B.

Generally, any round-trip loss will degrade the squeezing level at sideband

frequencies being resonant in the filter cavity. For a given round-trip loss l2rt,fc (mainly

caused by scattering) the resulting loss in reflection of the filter cavity increases with

a decreasing baseline length Lfc of the filter. As well, for a certain length Lfc and

a certain round-trip loss l2rt,fc the loss imposed on the squeezed field increases with a

decreasing half-bandwidth γfc that needs to be realized. Starting from the expression

for the half-bandwidth of a lossy cavity

γfc =
c

2Lfc
arccos



1−
(1− ρc

√
1− l2rt,fc)

2

2ρc
√
1− l2rt,fc



 (1)

one can derive the filter cavity’s coupling mirror reflectance Rc = ρ2c that is required to

achieve the targeted half-bandwidth. One obtains

ρc =
1√

1− l2rt,fc

[
2− cos(F ′)−

√
cos2(F ′)− 4 cos(F ′) + 3

]
(2)

with

F ′ =
2γfcLfc

c
=

γfc
FSRfc

=
π

Ffc
. (3)

Graph a) in Fig. 1 shows the value for Rc = ρ2c according to Eq. (2). In

the underlying calculations the baseline length Lfc and the round-trip loss l2rt,fc were

considered with 10 km and 100 ppm, respectively. The tuning of the filter cavity was

exemplary set to Φfc = γfcLfc/c. It can be seen, that for small half-bandwidths γfc the

reflectance Rc comes close to unity. Correspondingly, the resulting Finesse rises as shown

in Graph b). It can be seen from Eq. (2) that there are two fundamental restrictions

for the choice of the filter cavity length. First, for great values of the Finesse (i.e. for

small half-bandwidths) we obtain

lim
γfc→0

ρc =
1√

1− l2rt,fc

> 1 (4)

1.The required coupling mirror reflectance can be calculated from 
the round-trip loss, the baseline length and the targeted bandwidth 

Filter cavities for GWADs and their technical requirements 7

cavities...

3. Filter cavities and their requirements

3.1. Restrictions for the baseline length of the filter cavity

check numerical values for half-bandwidth and detuning angle...

The required half-bandwidth γfc and detuning Φfc (note that we will define them

as angular frequencies) of the filter cavities giving the optimal frequency dependent

squeezing angle are determined by the interferometer configuration and its induced

phase-space rotation of light fields entering the interferometers output port. The

calculation of these values is presented in Appendix B.

Generally, any round-trip loss will degrade the squeezing level at sideband

frequencies being resonant in the filter cavity. For a given round-trip loss l2rt,fc (mainly

caused by scattering) the resulting loss in reflection of the filter cavity increases with

a decreasing baseline length Lfc of the filter. As well, for a certain length Lfc and

a certain round-trip loss l2rt,fc the loss imposed on the squeezed field increases with a

decreasing half-bandwidth γfc that needs to be realized. Starting from the expression

for the half-bandwidth of a lossy cavity

γfc =
c

2Lfc
arccos



1−
(1− ρc

√
1− l2rt,fc)

2

2ρc
√

1− l2rt,fc



 (1)

one can derive the filter cavity’s coupling mirror reflectance Rc = ρ2c that is required to

achieve the targeted half-bandwidth. One obtains

ρc =
1√

1− l2rt,fc

[
2− cos(F ′)−

√
cos2(F ′)− 4 cos(F ′) + 3

]
(2)

with

F ′ =
2γfcLfc

c
=

γfc
FSRfc

=
π

Ffc
. (3)

Graph a) in Fig. 1 shows the value for Rc = ρ2c according to Eq. (2). In

the underlying calculations the baseline length Lfc and the round-trip loss l2rt,fc were

considered with 10 km and 100 ppm, respectively. The tuning of the filter cavity was

exemplary set to Φfc = γfcLfc/c. It can be seen, that for small half-bandwidths γfc the

reflectance Rc comes close to unity. Correspondingly, the resulting Finesse rises as shown

in Graph b). It can be seen from Eq. (2) that there are two fundamental restrictions

for the choice of the filter cavity length. First, for great values of the Finesse (i.e. for

small half-bandwidths) we obtain

lim
γfc→0

ρc =
1√

1− l2rt,fc

> 1 (4)

Filter cavities for GWADs and their technical requirements 8

which does not represent a physical solution. Thus, there must exist a value Lmin such

that for Lmin < Lfc we always have ρc < 1. The expression for Lmin can be derived to

Lmin =
c

2γfc
arccos



2−
2− l2rt,fc

2
√
1− l2rt,fc



 . (5)

Second, for Lfc < Lcc we obtain ρc >
√
1− l2rt,fc and the filter cavity becomes

under-coupled. But even in the most general case, the interferometer represents an over-

coupled cavity. Hence, an under-coupled filter cavity with Lfc < Lcc can not provide the

phase-space rotation required for the generation of the optimal squeezing angle.

To keep ρc <
√
1− l2rt,fc the filter cavity length needs to be

Lfc > Lcc =
c

2γfc
arccos

[
2−

1 + (1− l2rt,fc)
2

2(1− l2rt,fc)

]
(6)

Please note that for Lfc = Lcc the filter cavity is critical coupled (impedance matched)

and the loss in its reflection is maximum. Therefore, to preserve the squeezing in

reflection of the filter cavities its length should be chosen with Lfc " Lcc. This fact

becomes obvious when looking at graph d) and e) of Fig. 1. They show the reflection of

the filter cavity at its resonance frequency according to Eq. (App xx) and the remaining

squeezing (Eq. APPyy), respectively. At small half-bandwidths the value for Lcc (graph

c)) is of the order of the filter cavity length Lfc = 10 km and hence the reflection and

accordingly the remaining squeezing level are considerably reduced.

In Fig. 2 the filter cavity performance is shown depending on its baseline length

Lfc. In the corresponding calculations we assumed the target half-bandwidth with

γfc = 2.1Hz and the target detuning with Φfc1 = 2π · 7.1Hz · Lfc1/c. Note, that these

values are the requirements for one of the filter cavities that need to be realised in the

ET-LF detector [?]. Again, the round-trip loss was considered with 100 ppm and the

squeezing with 10 dB. Graph a) demonstrates, that even with a filter cavity length of

10 km the amount of squeezing is already reduced by a factor of about 3 dB. At the

crtical length Lfc = Lcc ≈ 1335m the remaining squeezing is merely about 3 dB. For

even shorter filter cavities the squeezing increases again (grey shaded area II) until it

reaches at Lfc = Lmin the initial level of 10 dB. However, in this region the filter is under-

coupled and does not yield the required phase-space rotation of the squeezed field. This

can be understood when considering the extrem case for Lfc = Lmin. Here, Rc is equal

to one and the filter cavity can be replaced by an ordinary mirror that has no frequency

dependence. Again, it can be deduced, that a filter cavity length Lfc " Lcc needs to

be realised in order to preserve the squeezing. In addition, the high finesse of a short

cavity might pose a problem in the environment of a gravitational-wave detector where

the optics needs to be suspended.

So far in Figs. 1 and 2 the remaining squeezing level was shown at the resonance

frequency of the considered filter cavities. In this case the (frequency dependent)

2.For small bandwidths the formula yields non-physical solutions.  
There is a lower limit for the baseline length
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which does not represent a physical solution. Thus, there must exist a value Lmin such

that for Lmin < Lfc we always have ρc < 1. The expression for Lmin can be derived to

Lmin =
c

2γfc
arccos



2−
2− l2rt,fc

2
√
1− l2rt,fc



 . (5)

Second, for Lfc < Lcc we obtain ρc >
√
1− l2rt,fc and the filter cavity becomes

under-coupled. But even in the most general case, the interferometer represents an over-

coupled cavity. Hence, an under-coupled filter cavity with Lfc < Lcc can not provide the

phase-space rotation required for the generation of the optimal squeezing angle.

To keep ρc <
√
1− l2rt,fc the filter cavity length needs to be

Lfc > Lcc =
c

2γfc
arccos

[
2−

1 + (1− l2rt,fc)
2

2(1− l2rt,fc)

]
(6)

Please note that for Lfc = Lcc the filter cavity is critical coupled (impedance matched)

and the loss in its reflection is maximum. Therefore, to preserve the squeezing in

reflection of the filter cavities its length should be chosen with Lfc " Lcc. This fact

becomes obvious when looking at graph d) and e) of Fig. 1. They show the reflection of

the filter cavity at its resonance frequency according to Eq. (App xx) and the remaining

squeezing (Eq. APPyy), respectively. At small half-bandwidths the value for Lcc (graph

c)) is of the order of the filter cavity length Lfc = 10 km and hence the reflection and

accordingly the remaining squeezing level are considerably reduced.

In Fig. 2 the filter cavity performance is shown depending on its baseline length

Lfc. In the corresponding calculations we assumed the target half-bandwidth with

γfc = 2.1Hz and the target detuning with Φfc1 = 2π · 7.1Hz · Lfc1/c. Note, that these

values are the requirements for one of the filter cavities that need to be realised in the

ET-LF detector [?]. Again, the round-trip loss was considered with 100 ppm and the

squeezing with 10 dB. Graph a) demonstrates, that even with a filter cavity length of

10 km the amount of squeezing is already reduced by a factor of about 3 dB. At the

crtical length Lfc = Lcc ≈ 1335m the remaining squeezing is merely about 3 dB. For

even shorter filter cavities the squeezing increases again (grey shaded area II) until it

reaches at Lfc = Lmin the initial level of 10 dB. However, in this region the filter is under-

coupled and does not yield the required phase-space rotation of the squeezed field. This

can be understood when considering the extrem case for Lfc = Lmin. Here, Rc is equal

to one and the filter cavity can be replaced by an ordinary mirror that has no frequency

dependence. Again, it can be deduced, that a filter cavity length Lfc " Lcc needs to

be realised in order to preserve the squeezing. In addition, the high finesse of a short

cavity might pose a problem in the environment of a gravitational-wave detector where

the optics needs to be suspended.

So far in Figs. 1 and 2 the remaining squeezing level was shown at the resonance

frequency of the considered filter cavities. In this case the (frequency dependent)

3.There exists a length Lcc at which the filter cavity becomes critical 
coupled.
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The filtering fails for L < Lcc as the 
phase-space rotation of an over-coupled 

cavity is required  
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L = 5 kmL = 5 kmL = 5 km

Finesse 2638.33 10377.18
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Finesse 1319.17 5188.59
Rc [%] 99.5323 99.8864
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What are the tolerances of the design parameters?

Consider a deviation of the

• round-trip loss
• coupling mirror reflectance
• baseline length
• resonance frequency
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Result in a 
mismatched 
bandwidth

 Robustness of the design parameters

11

What are the tolerances of the design parameters?

Consider a deviation of the

• round-trip loss
• coupling mirror reflectance
• baseline length
• resonance frequency

Investigating the impact 
of a mismatched 

bandtwidth

Deduce the tolerances for the 
round-trip loss, coupling 

mirror and the baseline length
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Around the resonance the 
squeezing ellipse gets rotated towards the 

anti-squeezed quadrature
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Consider FC1 for ET-C LF:
Required bandwidth 5.68 Hz
Required detuning -25.36 Hz
NO OPTICAL LOSS!

A pure squeezed state with
10dB (anti-)squeezing looks 
unproblemetic 
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Consider FC1 for ET-C LF:
Required bandwidth 5.68 Hz
Required detuning -25.36 Hz
NO OPTICAL LOSS!

A pure squeezed state with
10dB (anti-)squeezing looks 
unproblemetic 

A realistic squeezed state 
with 10dB squeezing and 

20dB anti-squeezing 
makes the problem more 

obvious. 
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Assume 10dB squeezing and 
20dB anti-squeezing

Account for 75 ppm rt-loss

ET-C LF with 10 km FCs:
A mismatched HBW less 
than 5 % requires:

Rc = 0.995323 ± 237ppm 
lrt2 = 75ppm ± 300ppm
for FC 1

Rc = 0.998865 ± 60ppm 
lrt2 = 75ppm ± 135ppm
for FC 2

Tolerance for L ~500m
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Assume 10dB squeezing and 
20dB anti-squeezing

Account for 75 ppm rt-loss

ET-C LF with 10 km FCs:
A mismatched HBW less 
than 5 % requires:

Rc = 0.995323 ± 237ppm 
lrt2 = 75ppm ± 300ppm
for FC 1

Rc = 0.998865 ± 60ppm 
lrt2 = 75ppm ± 135ppm
for FC 2

Tolerance for L ~500m

The tolerances for L and lrt2 are uncritcal. 
Matching the requirements for Rc seems possible  
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Assume 10dB squeezing and 
20dB anti-squeezing

Account for 75 ppm rt-loss

ET-C LF with 10 km FCs:
A mismatched HBW less 
than 5 % requires:

Rc = 0.995323 ± 237ppm 
lrt2 = 75ppm ± 300ppm
for FC 1

Rc = 0.998865 ± 60ppm 
lrt2 = 75ppm ± 135ppm
for FC 2

Tolerance for L ~500m

The tolerances for L and lrt2 are uncritcal. 
Matching the requirements for Rc seems possible  

But what is the maximal achievable 
accuracy of these requirements 
determined by measurements?
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 Effect of phase noise in the squeezing path

16

Due to phase noise a fraction of the noise in the anti-squeezed 
quadrature is mixed into the initially squeezed quadrature 
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 Effect of phase noise in the squeezing path
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The higher the anti-squeezing level, the higher the impact of 
phase noise
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 Estimates for the allowed phase noise

18

Estimates for different values of optical loss in the squeezing path

If 10dB of quantum-noise reduction by squeezed light injection is 
targeted, the ultimate upper limit for the overall optical loss is 10%. 

Additionally, no phase noise is allowed.
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 DOFs to be controlled in the squeezing path

19

How to build an Observatory? 

!! For efficiency reasons 
build a triangle. 

!! Start with a single 
xylophone detector. 

!! Add second 
Xylophone detector 
to fully resolve 
polarisation. 

!! Add third Xylophone 
detector for 
redundancy and null-
streams.   

Stefan Hild Slide 45 LISA Symposium, June 2010 
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PLL
?

Main Laser Source

Squeezed light source

OMC

Filter Cavity II

Filter Cavity I

Faraday
rotator

MSR

MPR
ITM

ITM

?

ETM

Frequency of
SQZ-source

Length and angular
DOFs of FCs

Length (relative phase) and angular DOFs
 of !ltered SQZ related to IFO‘s output mode
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Operating point

A common procedure is to realize a PDH-locking 
scheme with fmod = fres

Lock on the zero-crossing corresponding to the resonance of 
one sideband. This works if fres is much bigger than the cavity‘s 

half-bandwidth
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Operating point

Target resonance frequency fres = 6.628Hz 
Half-band-width is HBW = 1.444Hz 

The error signal requires an adaption of the modulation 
frequency (fmod > fres) and demodulation phase
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 „Classical“ PDH-scheme for FC2 of ET-LF
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The error signal requires an adaption of the modulation 
frequency (fmod > fres) and demodulation phase

Target resonance frequency fres = -25.359Hz 
Half-band-width is HBW = 5.681Hz 



A. Thüring       Noise and control issues for filter cavities          GEO sensing and control meeting, Hannover        14 December 2010
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 „Classical“ PDH-scheme for FC1 of ET-HF
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Operating point

Target resonance frequency fres = 29.464Hz 
Half-band-width is HBW = 28.968Hz 

Standard PDH-scheme fails. DC-Lock? Sub-carrier? Double 
demodulation?
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Loss estimatesLoss estimates

SQZ source 0.02

MM-Efficiency to FC1 0.01

MM-Efficiency to FC1 0.01

Rotator double pass 0.02

MM-Efficiency to OMC 0.01

MM-Efficiency to IFO 0.01

Quantum efficiency of PDs 0.02

Overall propagation loss of  9.58% in the 
squeezing path

1%
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ERRFC1 1 -0.018

ERRFC2 0.110 1

Save the squeezing:   Create as less as possible additional             
                               detection ports, reduce loss

First snapshot investigation:  At least error signals for the 
longitudinal DOFs of the two subsequents FCs for ET LF 

can be obtained from one detection port
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 Transfer the „classical“ scheme to squeezed light
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 Squeezed vacuum means there is no carrier
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No way to use 
orthorgaonal polarisation 
or counter prop. beams?
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 Auxiliary fields from the squeezed light source 
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Evaluate the displacement noise requirements for the FCs

Investigate the locking scheme in more detail

Especially for the angular degrees of freedom
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 Future Work

36

Evaluate the displacement noise requirements for the FCs

Investigate the locking scheme in more detail

Especially for the angular degrees of freedom

Think of a Filter Cavity with adjustable 
bandwidth, e.g. a Three-Mirror-Cavity:
That will relax the requirements for the coatings
Yields more flexibility
Means even more complex locking scheme 


