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Hard to modify inspiral: e.g. transfer of ~1046 erg at ~100Hz 
modifies phase by 10-3 radians (Tsang et al 1110.0467) (but 
see e.g. Weinberg 1509.06975) 

Tidal effects: Leading order modification of dynamics as 
stars approach each other

Tidal deformability � for realistic EOS
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Calculate via linear Y20 perturbation of spherical neutron star
Q and E defined by external field of perturbed star
leading terms � r2 and � r�3 when far from star

For given realistic EOS, � is function of M
(similar to radius or moment of inertia)
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The deviation from point-mass dynamics (the fact that we are dealing with 
fluid bodies!) becomes important at the late stages of binary inspiral.  
Each star is deformed by the tidal interaction from its companion. 
 
 
 
 
 
The tidal effect will not change the GW phasing much – this is difficult; e.g. 
1046 erg at 100 Hz leads to shift of  only 10-3 radians -  but the star’s 
deformability, encoded in the so-called Love number, may lead to a 
measurable secular effect. 
For each star, we have 
 
 
 
 
 
 
 
 
 

Given that the masses can be extracted from the chirp, observations may allow 
us to constrain the compressibility of the equation of state.  
Note: If the radius can be inferred with an accuracy <5%, we would do better 
than any upcoming nuclear physics experiments (but not NICER?) 
 
 
 



Let us take a closer look at the tidal problem. 
The impact of the tide from a binary companion is obtained from the perturbed 
Euler equation; 
 

where the tidal potential is given by 

 

where D(t) is the radius of the orbit and ψ(t) is the phase. 
There are two contributions:  
-  for m=0 we have a static contribution (evolving on the inspiral timescale). 

This encodes the star’s tidal compressibility in the form of the Love number 
-  For m=±2 we have a time-dependent tidal driving which may become 

resonant with the star’s natural modes of oscillation. 

 

 

 

 

 
 
 

be fast enough to equilibrate the core matter, but at the expected temperature the star’s

interior should be superfluid, in which case all reactions are exponentially suppressed.

The upshot of the equilibration argument is that the equation of state is no longer

barotropic, as has been assumed in virtually every analysis of the tidal problem. Rather than

assuming that the matter remains in beta equilibrium one ought to assume that the matter

composition is frozen during the inspiral. This may, or may not, lead to a noticeable e↵ect

on, for example, the Love number, and may in turn impact on the extraction of parameters

from an observed signal.

In the following sections, we will i) outline how the Love number problem changes (read:

becomes much more complicated) once we account for the internal composition, and ii)

provide results for a truncated version of the problem. Our analysis suggests that the Love

number is a↵ected at the level of 5-10%, and indication that studies of the inspiral problem

need to take the interior physics seriously.

II. THE ADIABATIC TIDAL PROBLEM

The tide raised by a binary companion (here treated as a point particle, which should be

a good enough approximation for our purposes) induces a linear response in the primary. In

order to quantify this response we need to solve the linearised fluid equations in Newtonian

gravity. Assuming that the star is non-rotating, we first of all have the perturbed continuity

equation [double check]

@t
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where ⇠i is the Lagrangian displacement vector associated with the perturbation

� = � + L⇠ (3)

(with L⇠ the Lie derivative along ⇠i) such that

�vi = �vi = @t⇠
i (4)

The perturbed Euler equation is
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We also have the Poisson equation for the gravitational potential

r2�� = 4⇡G�⇢ (6)

The tidal potential, which generates the fluid perturbations, is given by a solution to r2� =

0.

In a coordinate system centred on the primary, we have [Ho+Lai 1999]

� = � GM 0

|r �D(t)| = �GM 0
X

l�2

lX

m=�l

Wlmr
l

Dl+1(t)
Ylme

�im (t) (7)

where M 0 is the mass of the secondary. The aim is to solve the problem for a star deformed

by the companion’s tidal field. That is, we are looking for a particular solution to (5) given

the specific form for �.

The orbit of the companion is taken to be in the plane (D(t), ⇡/2, (t)) where D is

the binary separation and  is the orbital phase. For l = 2 we have the coe�cients

[Press+Teukolsky 1977]

W
20

= �
p
⇡/5 (8)

W
2±2

=
p

3⇡/10 (9)

W
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The last result follows from symmetry; Wlm must vanish for all odd l +m.

As we are interested in neutron star binaries, the main evolution timescale is that of gravi-

tational radiation reaction. We want to account for the orbital shrinkage due to (quadrupole)

gravitational-wave emission. To leading order, we then have

Ḋ = �64G3

5c5
M

4/3
t M5/3

D3

(11)

where the dot is a time derivative and we have used the chirp mass

M = µ3/5M
2/5
t (12)

with the total mass Mt = M +M 0 and the reduces mass µ = MM 0/Mt, as usual. We have

have the phase, which evolves according to

 ̇ =


GMt

D3

�
1/2

= ⌦ (13)
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To work out the Love number, we consider static perturbations. That is, we have 
 
 
Expanding in spherical harmonics (with m=0), we have an effective 
gravitational potential 
 
which satisfies 

Combining radial and angular components of the Euler equations we find that  

Using this we can reduce the problem to a single ODE; 

where 

 
Note: The results imply that the fluid remains in chemical equilibrium 
throughout the inspiral. This is probably not realistic. 

 

 

 
 
 

and which defines the orbital frequency.

If we introduce a timescale for orbital decay

tD =
D

Ḋ
(14)

it is easy to see that the solution to (11) takes the form

D(t) = D
0

✓
1� t

tD

◆
1/4

(15)

(assuming that the evolution starts out at D = D
0

at t = 0 and the stars merge, roughly

corresponding to D = 0 at t = tD). The key point is that, pretty much through the entire

binary inspiral, the orbital evolution is slow. Thus we can expand the right-hand side of (5)

in terms of a small parameter t/tD. Thus we have

1
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⇡ 1

D
0

✓
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t
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◆
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2 (16)

Basically, we are quantifying the adiabatic nature of there inspiral. The result is pretty

obvious, but as we will soon see we need to properly understand it if we want to quantity

the role in the matter composition in the star’s interior.

III. THE LOVE NUMBER

In general, the leading order tidal response has two components. There is a time-

independent contribution from the m = 0 multipole on the right-hand side of (5) and an

oscillatory contribution from the m = ±2 multipoles. Here we will focus on the static part.

This involves the tidal compressibility, encoded in the Love number. As we have already

argued, as long as the inspiral is adiabatic (t/tD ⌧ 1) and the orbit is circular then the

m = 0 part of � is constant. The induced fluid response is obviously time-independent, as

well, so we can ignore time derivatives of the perturbed quantities (they come into play at

order t/dD). That is, we need to solve [Need to connect with Lagrangian variations

here!]
1

⇢
ri�p� 1

⇢2
�⇢rip+ri�� = �ri� (17)

together with (6).

We also need the equation of state. Assuming that the matter is in chemical equilibrium

(we will discuss this condition later) the equation of state will be barotropic. Assuming that
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p = p(⇢) we then have

�p =
p��

⇢
�⇢ (18)

where the adiabatic index

�� =
⇢

p

✓
@p

@⇢

◆

eq

(19)

is calculated for matter in beta equilibrium. [Comment on number density here!]

We also know that the background is such that

rip = �⇢ri� = �⇢g �! p0 = �⇢�0 (20)

where a prime indicates a radial derivative.

Expanding in spherical harmonics, such that

�p =
X

l

plYl0 (21)

and similar for the other variables, and introducing

Ul = �l + �l (22)

we have the radial component of the Euler equation

p0l �
p0

⇢
⇢l = �⇢U 0

l (23)

and the angular part

pl = �⇢Ul (24)

Meanwhile, the perturbed Poisson equation becomes

r2U
00

l + 2rU 0
l � l(l + 1)Ul = 4⇡Gr2⇢l (25)

where we have made use of the fact that �l solves the corresponding homogeneous equation.

Let us now pause for a moment to note that the problem appears to be over determined.

We seem to have too many equations for the number of variables. Taking a radial derivative

of (24), we get

p0l = �⇢0Ul � ⇢U 0
l =

⇢0

⇢
pl � ⇢U 0

l (26)

Using this in (23) we have
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⇢l = 0 �! ⇢0pl = p0⇢l (27)
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which is consistent with (18), provided we have a barotropic equation of state. This identity

reduces the number of equations, so the problem is well posed, after all. [Note: This is

the Newtonian version of the result discussed by Penner et al. Comment on the

fact that our interpretation of this was wrong.]

Now we have
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� l(l + 1)

�
Ul = 0 (28)

This equation is easily solved by integrating from the centre to the surface. At the surface

we match to the exterior potential. In general, this provides the multipole moment, Il, of

the body according to

�l =
4⇡G
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(29)

We also know that
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2

from (8).

Finally, the Love numbers kl are defined as

GIl = 2klR
2l+1dl (31)

At the surface of the star, matching to the known exterior solution leads to;
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which lead to the perturbed Poisson equation (28) taking the form
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Match to the external solution (at the surface of the star), where 
 
 
And extract the Love number kl from 
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which is consistent with (18), provided we have a barotropic equation of state. This identity

reduces the number of equations, so the problem is well posed, after all. [Note: This is

the Newtonian version of the result discussed by Penner et al. Comment on the

fact that our interpretation of this was wrong.]
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If we want quantitative results, 
we need to do the relativistic 
calculation. However, it proceeds 
along similar lines. 
Results show the variation of the 
deformability for representative 
“realistic” equations of state.  
Suggests that we may be able to 
use observations to distinguish 
different models, but... as the 
tidal imprint is weak, it may 
require the combination of many 
signals.  
 
 
 
 



Turning to the time-dependent part of the problem, the tide can lead to 
resonances with many of star’s of oscillation. However, typically, the coupling 
tends to be weak and the resonances do not have significant effect.  
The main interaction may be with the star’s f-mode.  
In order to understand this, let us sketch the derivation of the f-mode for an 
incompressible fluid. The starting point is the perturbed Euler equation (but 
with δρ=0): 
 

As the flow must be irrotational, we have 

 

where we have D=0, as the left-hand side vanishes at the centre of the star.  

Find that:  
Expanding in spherical harmonics (with m=0, without loss of generality), with 
harmonic time dependence: 
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In order to introduce the key concepts of stellar oscillation theory, let us consider
the case of an incompressible fluid. Even though neutron stars are not incompressible.
the results provide useful insights also into more complicated models.

As before, the dynamics of a non-rotating incompressible star is governed by the
Euler equations (5.73), together with the continuity equation (5.74) and the Possion
equation (5.75) for the gravitational potential. However, since the fluid is incompress-
ible the continuity equation simplifies, and we have

@t⇢ + r · (⇢v) = 0 �! r · v = 0 (5.84)

We want to consider linear perturbations of a non-rotating incompressible star.
In doing so, we have the option of considering two di↵erent kinds of perturbations.
Eulerian perturbations concern changes in the various variables at a fixed point in
space, eg.,

�p = p(x, t) � p0(x, t) (5.85)

where p0 is the unperturbed reference value. The Eulerian description is “macroscopic”
in the sense that it does not identify how the various fluid elements move. A “micro-
scopic” description would follow the individual fluid elements. We can do this by
introducing a Lagrangian displacement ⇠ which connects the perturbed fluid elements
to the corresponding ones in the unperturbed configuration. Lagrangian variations are
consequently given by

�p = �p + L⇠p = �p + ⇠ · rp (5.86)

where L⇠ is the Lie derivative along the displacement vector.
For non-rotating stars, the displacement vector is simply related to the perturbed

velocity through
@t⇠ = �v = �v (5.87)

Not surprisingly, the case of a rotating star is more complicated. In order to under-
stand that problem it is important to develop the Lagrangian description (for which
it is natural to work in a coordinate basis, making a distinction between co- and con-
travariant objects). We will consider this framework in chapter 13. For the moment,
as we are taking the first steps towards understanding the problem, we will opt for the
Eulerian description. Thus, we readily arrive at

@t�v +
1

⇢
r�p + r�� = 0 (5.88)

where �p and �� are the variations in the pressure and the gravitational potential,
while �v represents the motion of the perturbed fluid.

We also have Eq. (5.84) and
r2�� = 0 (5.89)

For an incompressible fluid the velocity can be determined from a potential �, such
that

�v = r� (5.90)
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(hence, the motion is often refered to as “potential flow”). With this definition the
perturbed Euler equations lead to

@t� +
1

⇢
�p + �� = D = constant (5.91)

Taking the divergence of (5.73) we see that we must have

r2�p = 0 (5.92)

Meanwhile the continuity equation can be written

r2� = 0 (5.93)

We see that the velocity potential �, the perturbed pressure �p and the perturbed
gravitational potential �� all satisfy Laplace’s equation. In spherical polar coordinates
we have

r2X =
1

r

@2

@r2
(rX) +

1

r2
r2

✓X = 0 (5.94)

where we have defined

r2
✓X =

1

sin ✓
@✓(sin ✓@✓X) +

1

sin2 ✓
@2

'X (5.95)

Approaching (5.94) via separation of variables we find that the angular part can be
described in terms of spherical harmonics Y m

l (✓,'). Specifically, we get

r2
✓Y

m
l = �l(l + 1)Y m

l (5.96)

Then writing the solution to (5.94) as

X(r, ✓, ') =
X

l,m

Xl(r)Y
m
l (5.97)

we see that the various Y m
l contributions decouple (since the spherical harmonics form

a complete orthogonal set), and we need to solve

1

r

d2

dr2
(rXl) � l(l + 1)

r2
Xl = 0 (5.98)

The general solution to this equation is easily shown to be

Xl = Arl + Br�l�1 (5.99)

Since all physical quantities must remain regular, we should reject the second part
of the solution as r ! 0. This means that we must take B = 0 in the fluid interior of
the star. Meanwhile, we must have A = 0 in the exterior solution for �� in order to
avoid divergence as r ! 1. Focussing on a solution described by a particular Y m

l , we
have thus shown that the perturbed quantities we are interested in are given by

è 
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� = alr
lY m

l (5.100)

�� = blr
lY m

l (5.101)

�p = clr
lY m

l (5.102)

in the interior of the star. If we further assume that the fluid motion has a harmonic
dependence on time, i.e. that � / ei!t, as one would expect of an oscillatory motion,
we get from (5.91);

i!al +
cl

⇢
+ bl = 0 (5.103)

where we have set D = 0 since all functions on the left-hand side of (5.91) vanish as
r ! 0.

To complete our solution of the problem we need to consider the boundary condi-
tions at the surface of the star. The first condition is that the Lagrangian perturbation
of the pressure must vanish at the surface. This is, in fact, the definition of the surface,
and we must have

�p = �p + ⇠r dp

dr
= 0 at r = R (5.104)

Here the radial component of the displacement vector follows from

i!⇠r = �vr = @r� = allr
l�1Y m

l (5.105)

We also know that

rp = �4⇡G⇢2r

3
(5.106)

Given these relations our boundary condition leads to

cl =
4⇡G⇢2l

3i!
al (5.107)

The final part of the solution comes from the perturbed gravitational potential.
Since we are considering a uniform density model the condition on the gravitational
potential at the surface is somewhat pathological. We need to require that

@r�� +
l + 1

R
�� = �4⇡G⇢⇠r at r = R (5.108)

This leads to

bl = � 4⇡G⇢l

(2l + 1)i!
al (5.109)

Now returning to Eq. (5.103) we deduce that we can only have a non-trivial solution
provided that

!2 =
8⇡G⇢

3

l(l � 1)

2l + 1
(5.110)

Thus we have (for each value of l) two possible oscillation modes, with frequencies
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Not surprisingly, the case of a rotating star is more complicated. In order to under-
stand that problem it is important to develop the Lagrangian description (for which
it is natural to work in a coordinate basis, making a distinction between co- and con-
travariant objects). We will consider this framework in chapter 13. For the moment,
as we are taking the first steps towards understanding the problem, we will opt for the
Eulerian description. Thus, we readily arrive at

@t�v +
1

⇢
r�p + r�� = 0 (5.88)

where �p and �� are the variations in the pressure and the gravitational potential,
while �v represents the motion of the perturbed fluid.

We also have Eq. (5.84) and
r2�� = 0 (5.89)

For an incompressible fluid the velocity can be determined from a potential �, such
that

�v = r� (5.90)
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in the interior of the star. If we further assume that the fluid motion has a harmonic
dependence on time, i.e. that � / ei!t, as one would expect of an oscillatory motion,
we get from (5.91);

i!al +
cl

⇢
+ bl = 0 (5.103)

where we have set D = 0 since all functions on the left-hand side of (5.91) vanish as
r ! 0.

To complete our solution of the problem we need to consider the boundary condi-
tions at the surface of the star. The first condition is that the Lagrangian perturbation
of the pressure must vanish at the surface. This is, in fact, the definition of the surface,
and we must have

�p = �p + ⇠r dp

dr
= 0 at r = R (5.104)

Here the radial component of the displacement vector follows from

i!⇠r = �vr = @r� = allr
l�1Y m

l (5.105)

We also know that

rp = �4⇡G⇢2r

3
(5.106)

Given these relations our boundary condition leads to

cl =
4⇡G⇢2l

3i!
al (5.107)

The final part of the solution comes from the perturbed gravitational potential.
Since we are considering a uniform density model the condition on the gravitational
potential at the surface is somewhat pathological. We need to require that

@r�� +
l + 1

R
�� = �4⇡G⇢⇠r at r = R (5.108)

This leads to

bl = � 4⇡G⇢l

(2l + 1)i!
al (5.109)

Now returning to Eq. (5.103) we deduce that we can only have a non-trivial solution
provided that

!2 =
8⇡G⇢

3

l(l � 1)

2l + 1
(5.110)

Thus we have (for each value of l) two possible oscillation modes, with frequencies
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ω 2 =
4πGρl
3

Main lesson: The f-mode frequency scales 
with the average density of the star.  
Even though our calculation involved a 
number of simplifications, this scaling is 
robust.  
Leads to the idea of astero-seismology, 
where we try to extract the parameters of 
the star from observed data.  
QPOs in the tails of magnetar flares have 
already allowed us to try this out. 
 

[Andersson & Kokkotas 1998] 
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[Hinderer et al 2016] 

The f-mode frequency is generally too high to become resonant with the tidal 
driving, but recent work suggests that the associated dynamical contribution to 
the tide is nevertheless significant. 
 

NS’s tidal response during the inspiral
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The final merger involves violent dynamics that can only be studied using full 
nonlinear simulations. 
This involves working with a foliation of spacetime (rather than the fibration we 
used in the derivation of the relativistic fluid equations. 
 
 As in the vacuum case, one 
introduces a family of spacelike 
hypersurfaces as level surfaces of 
a scalar “time” t. The normal to 
these surfaces is 
 
and 
 
where α is the lapse and βµ the 
shift. 
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on the computer is to reinstate the concept of time. Intuitively, Einstein’s equations
represent the “evolution” of a given spacetime, and in order to carry out a numeri-
cal evolution in general relativity (to tell the computer how to take a step towards
the “future”) it is necessary to slice up spacetime. The standard approach to this
problem is based on our Newtonian intuition. We introduce a time coordinates and
foliate spacetime into an ordered sequence of (spacelike) hypersurfaces, as illustrated
in Figure 18.1. This leads to a fairly standard initial value problem with boundary
conditions to be imposed at some finite distance. As we are dealing with nonlinear
problems those boundary conditions may cause trouble. For example, if we want to
model gravitational-wave signals then we need to figure out a way to extract the waves
at a finite distance from the source. We will consider these issues in more detail in
the following. We will also outline an alternative formulation based on null coordi-
nates. This approach has the advantage of allowing us to include spatial infinity on
the computational grid and as a result allows for a more precise measure of the emitted
waves.

18.1 The 3+1 decomposition

Building on the classic approach of Arnowitt, Deser and Misner (hereafter ADM) [1962
REF] and York [1978 REF], we begin by foliating spacetime into a family of spacelike
hypersurfaces ⌃t which arise as level surfaces of a new scalar time, t. Given the normal
to each surface

Nµ = �↵rµt (18.1)

we have
Nµ = (�↵, 0, 0, 0) (18.2)

and the normalisation NµNµ = �1 leads immediately to ↵2 = �1/gtt. The sign in
(18.1) is chosen such that time flows into the future. The function ↵ is called the lapse.
The dual to rµt leads to a time vector

tµ = ↵Nµ + �µ (18.3)

which introduces the so called shift vector �µ , which is spatial. Hence, we have Nµ�µ =
0. It then follows that

Nµ = ↵�1(1, ��i) (18.4)
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A range of astrophysical phenomena relevant for gravitational-wave astronomy in-
volve violent matter dynamics. The modelling of such systems requires fully nonlinear
multi-dimensional simulations taking into account both the live spacetime of general
relativity and the matter degrees of freedom. In recent years there has been consider-
able progress in developing the required computational tools, especially for archetypal
gravitational-wave sources like supernova core collapse and neutron star mergers. The
technology is at the level where more complex mattter issues are being considered. For
example, in the case of supernova modelling, it is well known that the neutrinos play
an important role in triggering the explosion and the role of magnetic fields may also
be significant. For neutron star mergers, finite temperature e↵ects are central as shock
heating ramps up the temperature of the merged object to levels beyond that expected
even during core collapse. Dynamical magnetic fields are likely to have decisive impact
on the post-merger dynamics and may leave an observational signature, e.g. in short
gamma-ray bursts.

As we have already considered the nonlinear spacetime aspects of these problems,
let us now turn to the inclusion of matter in the simulations.

19.1 Simulating relativistic fluids

Many problems of astrophysical interest involve (often rather complex) matter. Hence,
it is important to understand how matter is incorporated in the 3+1 formulation. To
some extent, we have seen this already. The evolution equation for the spacetime
introduced a decomposition of the stress-energy tensor; which becomes

Tµ⌫ = ⇢NµN⌫ + 2N (µS⌫) + Sµ⌫ (19.1)

This expression is general enough that it can account for (pretty much) anything we
want.

A key problem involves relating the ingredients to an actual matter model. As an
example, let us consider perfect fluid represented by a barotropic equation of state
" = "(n) where " is the energy density and n is (for example) the baryon number den-
sity. A key issue involves relating these thermodynamic variables, which are naturally
associated with an observer the moves along with the flow, to the quantities used by
the (Eulerian) observer associated with Nµ.

Let us first consider the four velocity of the fluid, uµ, which can be decomposed as

uµ = W (Nµ + vµ) (19.2)

424 Cosmic fireworks

where Nµvµ = 0 and the Lorentz factor is given by

W = �Nµuµ = ↵ut = (1 � viv
i)�1/2 (19.3)

(the last equality follows from uµuµ = �1). From this, we see that

vt = 0 , vi =
ui

W
� N i =

1

↵

✓

ui

ut
+ �i

◆

(19.4)

From which it follows that

vt = gtµvµ = �iv
i , vi = �iµvµ =

�ij

↵

✓

uj

ut
+ �j

◆

(19.5)

Next we want to translate the equations from fluid dynamics into the 3+1 form.
Let us start with the simple case of baryon number conservation. We have

rµ(nuµ) = rµ[Wn(Nµ + vµ)] = 0 (19.6)

First we note that the particle number density measured by the Eulerian observer is

n̂ = �Nµnuµ = nW (19.7)

so we have
Nµrµn̂ + ri(n̂vi) = �n̂rµNµ = n̂K (19.8)

(since va is spatial). Making use of the Lie derivative and (18.16) we have

Nµrµn̂ = LN n̂ =
1

↵
(@t � L�)n̂ = �ri(n̂vi) + n̂K (19.9)

or
@tn̂ + (↵vi � �i)rin̂ + ↵n̂riv

i = ↵n̂K (19.10)

Finally, since va and �a are already spatial, we have

@tn̂ + (↵vi � �i)Din̂ + ↵n̂Div
i = ↵n̂K = �n̂@t ln �1/2 + n̂Di�

i (19.11)

or
@t

⇣

�1/2n̂
⌘

+ Di

h

�1/2n̂(↵vi � �i)
i

= 0 (19.12)

where we have used the fact that

(�g)1/2 = ↵�1/2 (19.13)

so
ra(�g)1/2 = rµ(↵�1/2) = 0 (19.14)

We worked through the derivation of (19.12) in detail in order to explain the various
steps involved. Now that we have seen what is involved, the other fluid equations follow
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The conserved (baryon) number flux now follows from 
 

where γ is the determinant of the spatial metric, Di is the covariant derivative 
in the hypersurface and the number density measured by the Eulerian 
observer is 
 
Note: the 3+1 version resembles the usual Newtonian result.  
Energy/momentum conservation is more intricate. In the case of a perfect 
fluid: 
foliation     fibration   
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readily. In the case of a perfect fluid, we have the stress-energy tensor
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With these relations in hand, it is most practical to work out the equations of
motion from (19.1). Starting from

rµTµ⌫ = 0 (19.19)

we first of all expand and project along N⌫ . This leads to an equation for the energy;
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If we instead make an orthogonal projection (using ��
⌫), we arrive at an equation

for the momentum. We get

⇢NµrµN� + ��
⌫NµrµS⌫ + S�rµNµ + SµrµN� + ��

⌫rµSµ⌫ = 0 (19.23)

which leads to

(@t � L�) Si � Sj (@t � L�) �ij � ↵KSi + ⇢Di↵ + ↵�ijDkSik = 0 (19.24)

and the final result

@t(�
1/2Si) + Dj

h

�1/2
⇣

↵Sj
i � Si�

j
⌘i

= �1/2
�

SjDi�
j � ⇢Di↵

�

(19.25)

We now have the equations we need to evolve the fluid from one hypersurface to
the next, but one tricky issue remains. We need to connect the evolved variables n̂ and
Si to the actual physics encoded in the equation of state. This problem can be rather
complicated. In our model case the equation of state leads to the chemical potential
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A range of astrophysical phenomena relevant for gravitational-wave astronomy in-
volve violent matter dynamics. The modelling of such systems requires fully nonlinear
multi-dimensional simulations taking into account both the live spacetime of general
relativity and the matter degrees of freedom. In recent years there has been consider-
able progress in developing the required computational tools, especially for archetypal
gravitational-wave sources like supernova core collapse and neutron star mergers. The
technology is at the level where more complex mattter issues are being considered. For
example, in the case of supernova modelling, it is well known that the neutrinos play
an important role in triggering the explosion and the role of magnetic fields may also
be significant. For neutron star mergers, finite temperature e↵ects are central as shock
heating ramps up the temperature of the merged object to levels beyond that expected
even during core collapse. Dynamical magnetic fields are likely to have decisive impact
on the post-merger dynamics and may leave an observational signature, e.g. in short
gamma-ray bursts.

As we have already considered the nonlinear spacetime aspects of these problems,
let us now turn to the inclusion of matter in the simulations.

19.1 Simulating relativistic fluids

Many problems of astrophysical interest involve (often rather complex) matter. Hence,
it is important to understand how matter is incorporated in the 3+1 formulation. To
some extent, we have seen this already. The evolution equation for the spacetime
introduced a decomposition of the stress-energy tensor; which becomes

Tµ⌫ = ⇢NµN⌫ + 2N (µS⌫) + Sµ⌫ (19.1)

This expression is general enough that it can account for (pretty much) anything we
want.

A key problem involves relating the ingredients to an actual matter model. As an
example, let us consider perfect fluid represented by a barotropic equation of state
" = "(n) where " is the energy density and n is (for example) the baryon number den-
sity. A key issue involves relating these thermodynamic variables, which are naturally
associated with an observer the moves along with the flow, to the quantities used by
the (Eulerian) observer associated with Nµ.

Let us first consider the four velocity of the fluid, uµ, which can be decomposed as

uµ = W (Nµ + vµ) (19.2)
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You need to revert to primitive (fluid) variables in order to use EoS data! 
Tricky if you include more physics (MHD). 
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Fig. 19.4 GW spectrum of the cross polarization of a 1.35-1.35 M� merger with the DD2

EoS (?; ?) along the polar direction at a distance of 20 Mpc. he↵ = h̃(f) · f with the Fourier

transform of the waveform h⇥ and frequency f . fpeak, fspiral and f2�0 are particular features of

the postmerger phase, which can be associated with certain dynamical e↵ects in the remnant.

Since the simulation started only a few orbits before merging, i.e. at a relatively high orbital

frequency, the power at lower frequencies (below ⇠1 kHz) is massively underrepresented in the

shown spectrum, and the low-frequency part of the spectrum does not show the theoretically

expected power-law decay. The thin solid lines display the spectra of the GW signal of the

postmerger phase only revealing that the peaks are indeed generated in the postmerger phase.

Dashed lines show the expected unity SNR sensitivity curves of Advanced LIGO (?) (red)

and of the Einstein Telescope (?) (black). [Reproduced from Bauswein, Stergioulas & Janka]

servationally the dominant postmerger frequency thus determines neutron star radii
with high accuracy of the order of a few hundred meters. By considering symmetric
and asymmetric binaries of the same chirp mass, we show that the knowledge of the
binary mass ratio is not critical for this kind of radius measurements.

we relate the peak frequency, which is extracted from a simulation with a given
EoS, to the radius of a nonrotating NS (described by the same EoS) with a fixed
fiducial mass.

There it is shown that the peak frequencies of asymmetric binaries deviate only
somewhat from the ones of the symmetric binaries of the same total mass.

We sketch how the consideration of the strength of secondary gravitational-wave
peaks leads to a classification scheme of the gravitational-wave emission and post-
merger dynamics.

The spectral properties evolves during the post-merger phase.
The determination of the frequencies of the quadrupolar mode (fpeak) and of the

radial mode (f0) reveals that a secondary peak is expected to occur at fpeak�f0, which
indeed is the case. The frequency coincidence confirms the nature of this secondary

Even though the merger involves violent dynamics (and complex physics) we 
are learning that there are “robust” features.  
In particular, there are peaks in the merger spectrum that can be associated 
with stellar oscillation. The “f-mode” is particularly prominent.  
 

[Bauswein et al] 
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Fig. 19.3 Evolution of the lapse function, which can be seen as a relativistic proxy for the

gravitational potential, of a 1.35-1.35 M� merger with the DD2 EoS in the equatorial plane.

The snapshots should be compared to Fig. 2 in (?) showing the density evolution for the

same time steps of the same simulation. [Reproduced from Bauswein, Stergioulas & Janka]

more easily under the influence of an external tidal field. Consequently, finite size e↵ects
during the inspiral set in at a larger orbital separation, i.e. a lower orbital frequency,
and the stars finally merge at a relatively low orbital frequency. In contrast, soft EoSs
yield more compact NSs, which in comparison to larger NSs behave more like point
particles during the late inspiral phase. Stars described by soft EoSs are harder to
deform and during the inspiral they reach higher orbital velocities before they merge.
This also implies a higher linear velocity before merging and results in a merger with a
higher impact velocity. The sti↵ness also a↵ects the dynamics of the postmerger phase
and, in particular, the frequencies of the excited oscillation modes. A sti↵ EoS leads
to a relatively large merger remnant, whose quadrupolar fluid oscillation frequency is
relatively low, since it scales approximately with the mean density. In the case of a soft
EoS, the merger remnant is more compact and thus oscillates at higher frequencies.
(For such EoSs the higher impact velocity during merging additionally leads to a
stronger excitation of the quasi-radial oscillation mode of the remnant.)

For a fixed total binary mass a tight relation between the dominant postmerger
oscillation frequency and the radii of nonrotating neutron stars exists. Inferring ob-

[Bauswein et al] 
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Fig. 19.6 Mf2 dimensionless frequency as a function of the tidal coupling constant T

2 . Each

panel shows the same dataset; the color code in each panel indicates the di↵erent values of

binary mass (top left), EOS (top right), mass-ratio (bottom left), and �th (bottom right).

The black solid line is our fit (see Eq. (??) and Table ??); the grey area marks the 95%

confidence interval. [Reproduced from Bernuzzi & Dietrich]

a dependency on the stars spins.)
Caveats: Additionally, the postmerger GW spectrum might be influenced in a com-

plicated way by thermal e↵ects, magnetohydrodynamical instabilities and dissipative
processes.

Due to the short timescale of the GW emission (t10), physical processes other than
hydrodynamics and shock-heating are unlikely to a↵ect the emission. For the LS220-
135135 case, we have verified that neutrino cooling does not a↵ect the GW emission
in t50.

Similarly, MHD e↵ects are expected to influence the GW luminosity only if they
can significantly a↵ect the short-timescale HMNS dynamics. The magnetorotational
instability (MRI) and its ability to redistribute angular momentum might drive the
HMNS to an early collapse.

Three main conclusions can be drawn from the results shown in Fig. 19.7. First of
all, with the exception of very massive neutron stars (in which case the collapse of the
hypermassive neutron star occurs essentially simultaneously with the merger), the GW
signal from binary neutron stars is considerably richer (and more complex) than that
from binary black holes. Secondly, while small di↵erences between the two equations of
state appear already during the inspiral, the post-merger phase is markedly di↵erent.
Hence, an accurate description of the post-merger evolution is essential not only to
detect this part of the signal, but also to extract information concerning the neutron
star interior structure. Finally, the parts of the PSD that are most interesting and

... and there is a “surprising” correlation with the tidal deformability! 

[Bernuzzi & Dietrich] 

This should be good news for effort to extract information about the EoS. 


