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In principle, any rotating deformed body (like the Earth!) radiates GWs. 
 
 

Estimate the GW emission from the quadrupole formula. 
For a rotating rigid body, we have  

 
where Ωi is the angular frequency and xi is the position vector. We have the 
kinetic energy 

 

and the angular momentum 
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ing deformed stars undergoing simple solid-body rotation, then move on to the more
generic situation of free precession. This will lead us to consider issues involving dissi-
pation mechanisms which naturally raises issues of the associated fluid motion. As the
relevant fluid dynamics is often represented in terms of normal modes of oscillation, we
introduce the fundamental f-mode and the closely related problem of tidal excitation
in close binary systems.

5.1 Rigid body motion

In order to understand the neutron-star mountain problem, it is useful to start by
considering general rigid-body motion. This involves recalling results from classical
mechanics. Even though neutron stars are not rigid – in a rigid body the distance
between the di↵erent particles does not change, while a neutron star is expected to
have a fluid core and an elastic crust, both of which may sustain oscillations – the
rigid-body problem provides a useful introduction to the main concepts.

To describe the motion, we use two coordinate systems: an inertial system with
coordinates xi and basis vectors êi, with i, j, k, ... = 1 � 3 , and a moving system with
coordinates xa and basis vectors êa with a, b, c, ... also running from 1 to 3. This latter
system is fixed to the body. We will occasionally use standard Cartesian coordinates
x, y and z for the inertial system. For simplicity, we let these coordinates be centered
at the body’s centre of mass and neglect any translational motion.

When the body rotates with angular velocity ⌦i we have

v = ⌦ ⇥ r , or vi = ✏ijk⌦jxk (5.1)

where xi are the components of the position vector of a given particle in the body,
such that xixi = r2 gives the distance from the centre of the star. Using this in the
expression for the kinetic energy, we get
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or, since the angular velocity is the same for all parts of the body,
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which defines the moment of inertia tensor Iij .
Similarly, the definition of the angular momentum of a spinning body leads to
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It is worth noting that, when we work out the gravitational-signal we need the
reduced quadrupole moment which follows from
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coordinates xi and basis vectors êi, with i, j, k, ... = 1 � 3 , and a moving system with
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For the GWs we need the reduced quadrupole moment 
 
 
where the second term (the trace) is constant. 

Note: In general easier to work in the body frame where Ijk is diagonal. 

Taking the star to rotate around the z-axis, we have 
 
 

And 
 

 
Next we assume that the star is a rotating ellipsoid (semiaxes ai) and introduce 
the ellipticity (for small deformations): 
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Ijk = �I–jk +
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where the second term is constant.
It is also worth pointing out that Iij is additive. The total moment of inertia is the

sum of contributions from the various parts of the body. This is an important insight,
useful whenever we want to consider an object made up of several distinct components
(like a neutron star with a rigid crust and a fluid core, see chapter 12). Finally, we see
that the moment of inertia tensor only depends on the density distribution and the
shape of the object.

Since Iij is symmetric one would expect to be able to diagonalise it by making a
clever use of coordinates. The corresponding axes, which we will take as the system
êa, defines the principal axes of the body. It is natural to refer to this as the “body
frame”. We denote the corresponding moments of inertia by Ia with a = 1 � 3. In this
system the kinetic energy takes the very simple form
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and
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b (5.7)

For future reference, it is worth noting that these relations imply that

Ė = ⌦aJ̇a (5.8)

provided the body-frame moment of inertia is fixed (i.e. the body is truly rigid).
In general, it is quite di�cult to determine the principal axes, but the problem is

much simplified if the body has symmetries. Then the centre of mass must be located
on any axis of symmetry and the directions of the principal axes must share the
symmetry of the body.

Without specifying the shape of the body, let us move on and consider the gravitational-
wave luminosity. From the quadrupole formula we know that we need to work out
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where it follows from (5.5) that ...
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and we recall that the angular brackets indicate time-averaging over several periods.
We now note that it is much easier to work in the body frame than in the inertial
frame, and it is wise to take advantage of this. In fact, since Iab is constant in the
body frame, we readily see from the transformation

Ijk = Ra
j Rb

kIab (5.11)

that we must have



In the end we arrive at 
 
 
where I0=2MR2/5 is the moment of inertia for a uniform density sphere. 

Compare the result to observed pulsar spindown: 
 

 
Example: In the case of the Crab pulsar, we have P=33 ms and 

 

Assuming typical NS parameters (1.4 solar masses & 10 km) we have 
 

So... If the Crab pulsar spins down entirely due to GW emission, we need 
 

This is a “useful” result, but we know it is an upper limit. The observed braking 
index (second derivative) is n=2.51, closer to the canonical value of 3 for EM 
emission than the expected 5 for GWs. 
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5.3 The Crab pulsar

In order to assess the relevance of bumpy neutron stars for gravitational-wave astron-
omy we need some handle on the possible ellipticities. How large a mountain can a
realistic neutron star sustain? This is a tricky problem as it involves issues, like the
breaking strain, that are poorly understood even for terrestrial materials. We will con-
sider the main issues in chapter 12. However, even though we know very little about the
actual asymmetries of astrophysical neutron stars, radio pulsar observations provide
some hints. We can, for example, compare the predicted gravitational-wave spin-down
rate to observations. From (5.33) we see that the emitted gravitational waves lead to
a change in the spin period (recall that the energy is drained from the star’s rotation);

Ṗ

P
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2E
= �32G

5c5
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where P is the spin period and we have used the rotational energy E = I0⌦2/2.
As an indicative example of what this estimate implies, let us consider the famous

Crab pulsar (PSR B0531+21). When the Crab pulsar was discovered in 1968, it was
the first pulsar to be associated with a supernova remnant. In fact, the association
with a historical supernova from 1054AD is confirmed by old Chinese records. The
Crab pulsar is interesting in many ways, but for now all we need to now is that it
currently spins with a period P = 33 ms and the observed spin-down rate is

Ṗobs ⇡ 4.2 ⇥ 10�13 (5.36)

If we want to compare the observations to (5.33) then we need to know that star’s
mass and radius. Unfortunately, we do not. However, if we assume “canonical” neutron
star parameters, mass of 1.4M� and radius R = 10 km, then we find that the pulsar
could slow down due to gravitational-wave emission at a rate

ṖGW ⇡ �8 ⇥ 10�7✏2 (5.37)

Comparing the results we see that we need to have ✏ ⇡ 7⇥10�4 in order to explain the
observations. This estimate, which is often quoted as an upper limit on the possible
gravitational-wave strength, would correspond to a deformation of about ten metres
on the surface of the star.

So far, this looks reasonably promising. Our estimate would seem to make the Crab
pulsar an interesting gravitational-wave source. Hence, let us consider the detectability
of these gravitational waves, noting that the Crab pulsar is about 2 kpc away from
us. We can readily use the energy balance argument to estimate the strength of the
emerging gravitational waves. In general, this leads to
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ṖGW ⇡ �8 ⇥ 10�7✏2 (5.37)

Comparing the results we see that we need to have ✏ ⇡ 7⇥10�4 in order to explain the
observations. This estimate, which is often quoted as an upper limit on the possible
gravitational-wave strength, would correspond to a deformation of about ten metres
on the surface of the star.

So far, this looks reasonably promising. Our estimate would seem to make the Crab
pulsar an interesting gravitational-wave source. Hence, let us consider the detectability
of these gravitational waves, noting that the Crab pulsar is about 2 kpc away from
us. We can readily use the energy balance argument to estimate the strength of the
emerging gravitational waves. In general, this leads to

h ⇡ 8 ⇥ 10�28
⇣ ✏

10�6

⌘

✓

f

100 Hz

◆2 ✓10 kpc

r

◆

(5.38)

The Crab pulsar 91

I1 = I2 ⇡ I0

⇣

1 +
✏

3

⌘

and I3 ⇡ I0

✓

1 � 2✏

3

◆

(5.34)

5.3 The Crab pulsar

In order to assess the relevance of bumpy neutron stars for gravitational-wave astron-
omy we need some handle on the possible ellipticities. How large a mountain can a
realistic neutron star sustain? This is a tricky problem as it involves issues, like the
breaking strain, that are poorly understood even for terrestrial materials. We will con-
sider the main issues in chapter 12. However, even though we know very little about the
actual asymmetries of astrophysical neutron stars, radio pulsar observations provide
some hints. We can, for example, compare the predicted gravitational-wave spin-down
rate to observations. From (5.33) we see that the emitted gravitational waves lead to
a change in the spin period (recall that the energy is drained from the star’s rotation);

Ṗ
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In general, we have the spindown limit 
from observed systems; 

 

 

 

As in the case of the Crab, this is likely 
to be a very optimistic upper limit on 
the actual deformation. 
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The raw GW signal is feeble. We have 
 

 
This is far too weak to be detectable, but the effective amplitude of a continuous 
wave signal improves as the square-root of the observation time.  

Still need long observations, but many objects have known frequency and 
position so we can (at least) target searches. 
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5.3 The Crab pulsar

In order to assess the relevance of bumpy neutron stars for gravitational-wave astron-
omy we need some handle on the possible ellipticities. How large a mountain can a
realistic neutron star sustain? This is a tricky problem as it involves issues, like the
breaking strain, that are poorly understood even for terrestrial materials. We will con-
sider the main issues in chapter 12. However, even though we know very little about the
actual asymmetries of astrophysical neutron stars, radio pulsar observations provide
some hints. We can, for example, compare the predicted gravitational-wave spin-down
rate to observations. From (5.33) we see that the emitted gravitational waves lead to
a change in the spin period (recall that the energy is drained from the star’s rotation);

Ṗ

P
= � Ė

2E
= �32G

5c5
✏2I0⌦

4 (5.35)

where P is the spin period and we have used the rotational energy E = I0⌦2/2.
As an indicative example of what this estimate implies, let us consider the famous

Crab pulsar (PSR B0531+21). When the Crab pulsar was discovered in 1968, it was
the first pulsar to be associated with a supernova remnant. In fact, the association
with a historical supernova from 1054AD is confirmed by old Chinese records. The
Crab pulsar is interesting in many ways, but for now all we need to now is that it
currently spins with a period P = 33 ms and the observed spin-down rate is

Ṗobs ⇡ 4.2 ⇥ 10�13 (5.36)

If we want to compare the observations to (5.33) then we need to know that star’s
mass and radius. Unfortunately, we do not. However, if we assume “canonical” neutron
star parameters, mass of 1.4M� and radius R = 10 km, then we find that the pulsar
could slow down due to gravitational-wave emission at a rate

ṖGW ⇡ �8 ⇥ 10�7✏2 (5.37)

Comparing the results we see that we need to have ✏ ⇡ 7⇥10�4 in order to explain the
observations. This estimate, which is often quoted as an upper limit on the possible
gravitational-wave strength, would correspond to a deformation of about ten metres
on the surface of the star.

So far, this looks reasonably promising. Our estimate would seem to make the Crab
pulsar an interesting gravitational-wave source. Hence, let us consider the detectability
of these gravitational waves, noting that the Crab pulsar is about 2 kpc away from
us. We can readily use the energy balance argument to estimate the strength of the
emerging gravitational waves. In general, this leads to
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Figure 1. Stars show 95% credible upper limits on gravitational-wave amplitude, h0
95%, for 200 pulsars using data from the O1 run.� give the spin-down limits for all

pulsars (based on distance values taken from the ATNF pulsar catalog (Manchester et al. 2005), unless otherwise stated in Tables 1 and 4) and assuming the canonical
moment of inertia. The upper limits shown within the shaded circles are those for which the spin-down limits (linked via the dashed vertical lines) are surpassed with
our observations. The gray curve gives an estimate of the expected strain sensitivity for O1, combining representative amplitude spectral density measurements for
both H1 and L1. This estimate is an angle-averaged value and for particular sources is representative only, while the broader range over all angles for such an estimate
is shown, for example, in Figure 4 of Abbott et al. (2010). Previous initial detector run results (Aasi et al. 2014) for 195 pulsars are shown as red circles, with 122 of
these sources corresponding to sources searched for in O1.
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Highlight results from O1: 
-  Crab pulsar: less than a 

fraction of a % of energy 
loss goes into GWs 

-  Spin-down limit beaten for 
8 pulsars 

-  strongest constraint ε≈10-8 
represents an astonishing 
symmetry?)  



Triaxial neutron stars: Crustal strains

To get a feel for the maximum possible mountain size, we can use a simple thought experiment:

Ian Jones (University of Southampton) GW source modelling: lecture 2 September 8th 2016 14 / 31

Let us now consider the physics. What level of asymmetry can NS sustain?  
Let us assume the asymmetry is due to elastic strain in the star’s crust.  
 
 
 
We compare a strained configuration, with oblateness ε0, to a relaxed shape, 
with ε<ε0. 
Note: This is a “hand-of-God” argument. 
The total energy of the star takes the form 
 
 
Accounting for kinetic energy, changes in the potential energy due to the shape 
and the strain. Minimising (at fixed J) we get 
 
 
Where 
 
 
for a “typical” model. 
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where B is a constant related to the shear modulus of the crust, which must to be
determined from the equation of state.

We can also write down an expression for the total energy of the star in terms of
✏;

E = E0 +
J2

2I
+ A✏2 + B(✏ � ✏0)

2. (12.81)

Here E0 labels the energy of the spherical star, the second term is the kinetic energy
(J is the angular momentum and I the moment of inertia, as usual), the third term
represents the increase in gravitational potential energy due to the star’s shape no
longer being spherical, and the fourth term gives the elastic strain energy. We can
make these quantities precise by building on the virial argument discussed later, but
for now this simpler description will su�ce. Nevertheless, it is useful to relate the
energy expression to the slowly rotating stellar models discussed below. First of all we
then see that, if I0 denotes the moment of inertia of a spherical star and we define the
oblateness ✏ in accordance with (12.79), the moment of inertia about the rotation axis
is I0(1 + ✏). Comparing this to the expression for the moment of inertia of a slowly
spinning uniform density star we see that TODO: connect with (12.33)

✏ =
5⌦2

8⇡⇢
(12.82)

Moving on, the constant A depends on the equation of state, but will generally be of
the order of the gravitational potential energy of the star. In fact, from (12.55) we see
that for an incompressible solid star A is �1/5 of the gravitational potential energy
of the non-rotating star.

The equilibrium configuration of the system can be found by minimising the energy
(12.81) at fixed angular momentum:

@E

@✏

�

�

�

�

J

= 0 (12.83)

leading to

✏ =
I0⌦2

4(A + B)
+

B

A + B
✏0 ⌘ e⌦ + b✏0 (12.84)

We have introduced the rigidity parameter b = B/(A + B) [REF: P. Haensel, Les
Houches proceedings], which vanishes for a fluid star (when B = 0) and is equal to
unity for a perfectly rigid body (when B/A ! 1). Clearly, the oblateness is made up
of two parts. The first, e⌦, scales as ⌦2 and we identify it as the centrifugal bulge due
to rotation. The second term, b✏0, is due to the stresses of the nuclear lattice.

As expected from (12.78), realistic equation of state calculations lead to B ⌧ A,
with b a steeply varying function of the mass. Any stresses in the crust will only change
the shape slightly from that of the corresponding fluid body. The relative smallness of
the Coulomb deformation is due to the fact that the associated forces are much weaker
than the gravitational and centrifugal ones (on length scales typical to the star).
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The rigidity parameter b is important when calculating the gravitational-wave emis-
sion from a deformed rotating star, so it is worth discussing how one can calculate b
in more detail. Let us first of all consider the simple case of an incompressible star.
We would then have TODO: connect with earlier results!

A =
3

25

GM2

R
(12.85)

Real neutron stars are, of course, not incompressible. The enhanced central concentra-
tion of mass of a compressible star will lead to a value of A somewhat larger than the
above result. The parameter B is significantly more di�cult to determine. From the
definition, we see that (for a thin uniform crust of volume Vc) it may be reasonable to
use

B ⇡ µVc

2
⇡ 2⇡µR2�R (12.86)

where �R << R is the thickness of the crust, This then leads to

b =
B

B + A
⇡ B

A
⇡ 25

2

µ

⇢

�R

GM
(12.87)

or, alternatively,

b ⇡ 25

2

✓

c2R

GM

◆

�R

R

µ

⇢c2
(12.88)

In this expression the first factor is the inverse compactness of the star, typically of
the order of 5, while the second term is the relative thickness of the crust, about one
tenth. The magnitude of the final factor can be gleaned from (12.72), which leads to
the required factor being of the order of 10�5. Combining these estimates, we arrive
at a rough estimate of b ⇡ 6 ⇥ 10�5 for a typical neutron star model.

More detailed calculations [Cutler,Ushomirsky+Bildsten], show that our calcula-
tion overestimates the value of b. Basically, b is reduced by about a factor of five due
to the stars compressibility. An extra factor of eight or so is due to cancellations in
the integral over the stress tensor components. These reductions lead to

b ⇡ 2 ⇥ 10�7

✓

M

1.4M�

◆�3 ✓ R

10km

◆5

(12.89)

for quadrupole deformations of the crust.
Building on these estimates, we need to figure out how large a deformation a

neutron star can actually sustain. As b is small we expect to have ✏ ⇡ e⌦. Also ✏ and
✏0 can di↵er at most by the breaking strain �̄br of the crust. Compared to terrestrial
materials, for which one would estimate that the breaking strain will lie in the range
10�4  �br  10�2, the nuclear lattice appears to be super strong. Molecular dynamics
simulations for the high-pressure crust suggests that TODO: complete this!

�br ⇡ ... (12.90)

Given this we arrive at the estimate
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Since b<<1, a real NS will mainly be deformed by the centrifugal force. 
However, ε and  ε0 can differ only by a factor that encodes the breaking strain 
of the crust material. In essence, we have the maximum deformation: 
 
 
 The breaking strain is difficult to estimate, even for 
terrestrial materials.  
Fairly recent molecular dynamics simulations 
suggest that the breaking strain ubreak is larger than 
expected, around 0.1.  
In essence, the crust is super-strong! 
Key questions:  
Why is the star deformed in the first place? 
Do real neutron star mountains reach breaking 
strain or are stresses released gradually (through 
plastic flow)?  
How does the crust “yield”? 
 
 
 

 

[Horowitz and Kadau 2009] 

Comment: In order to model the elastic strain we need to keep track of the 
relaxed (unstrained) configuration - brings in evolutionary aspects.  



The fastest (known) NS in a low-mass X-ray binary, 4U 1608, spins at 620 Hz. In 
order to explain this we may need; 
―  a non-standard accretion torque 
―  additional GW spin-down (mountains, r-modes, B-field) 
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As soon as we start thinking about evolution, it is natural to consider accreting NS. 
In these systems asymmetries of the accretion flow may help generate the 
deformations we need.   
Moreover, there is a mystery: Why do the observed systems not spin as fast as they 
could do according to theory? 



Let us first estimate the maximum rotation rate. We can do this using the so-called 
Roche approximation (essentially pretending that the gravitational potential 
remains that of a sphere). Then, a uniformly rotating star is determined by 
 
 
Introducing the enthalpy, this leads to 
 
 
Evaluate at the pole (with h=0 at the surface) to determine H; 
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approximation, which is known to be accurate for stars governed by a soft equation
of state. The idea is that the gravitational potential can be taken as spherical also in
the rotating case. That is, gravity is dominated by the core and it is only a relatively
low density envelope that is deformed by rotation.

We know that a uniformly rotating model is determined from

1

⇢
rip = �ri

✓

� � 1

2
⌦2r2 sin2 ✓

◆

(12.56)

where we will assume that

� ⇡ �GM

r
(12.57)

Introducing the enthalpy as in (5.77), we have

h + � � 1

2
⌦2r2 sin2 ✓ = constant = H (12.58)

The integration constant can be determined by evaluating this expression at the pole
of the star, where r = Rp, using the fact that h = 0 at the surface of the star. Thus
we get

H = �GM

Rp
(12.59)

Given that the frequency of a particle in a Keplerian orbit around the equator, with
r = Re, follows from

⌦2
K =

GM

R3
e

(12.60)

we find from (12.58) that we must have
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2

GM
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= �GM

Rp
�! Re

Rp
=

3

2
(12.61)

If we also assume that the polar radius remains roughly unchanged by the stellar
rotation, Rp ⇡ R(⌦ = 0) = R0 we deduce that the maximum rotation rate of the star
is approximated by
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p

⇡G⇢0 (12.62)

TODO: scale to mass etc where ⇢0 is the average density of the corresponding
non-rotating star. This simple approximation has been shown to be good for rigidly
rotating Newtonian polytropes. In fact, as we will see later (in chapter 16) it remains
reasonably accurate also for relativistic models.

The mass-shedding limit may, however, be significantly di↵erent in the case of
di↵erentially rotating stars. This is natural since it is the equatorial rate of rotation
that plays the key role. If the core of the star rotates faster or slower is of hardly
any importance. In fact, he rotation frequency ⌦ may not be a particularly useful
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approximation, which is known to be accurate for stars governed by a soft equation
of state. The idea is that the gravitational potential can be taken as spherical also in
the rotating case. That is, gravity is dominated by the core and it is only a relatively
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Typically over 1 kHz 



Next, let us ask how large the NS deformation has to be in order for GW emission to 
balance the accretion.  
Assuming for simplicity that the can ignore the star’s magnetic field, accretion leads 
to a torque; 
 
Relating energy and energy losses through 
 
And using the quadrupole formula result for the GW emission, we find that we need 
 
 
 
We already know that a NS can sustain this level of deformation. So accreting NS 
may be relevant GW sources. 
However; 
-  interaction between the star’s magnetosphere and the accretion flow may 

significantly affect the torque (and can lead to spin equilibrium without GWs) 
-  the GW signal will be weak and as the systems are variable it is likely to be 

difficult over a long enough stretch of data 
-  but... there may be some indicative evidence from X-ray timing. 
 

120 Interacting systems

In order to work out if it is reasonable to assume that the spin up of accreting
neutrons stars may be stalled because of gravitational radiation, we need to consider
two issues. First we need to understand the angular momentum transferred as matter
accretes onto the star. Secondly, we need to argue that the accreting star develop a
significant asymmetry. We will leave aside the details of the latter problem for the
moment, and simply take it as given that the star is deformed and emits gravitational
radiation at twice the spin frequency. We can then work out how large the deformation
has to be for the gravitational-wave emission to balance the accretion torque. In the
simplest case, we can approximate the accretion torque as the angular momentum
change associated with adding matter spinning with the orbital frequency at the star’s
equator. E↵ectively assuming that the accretion disk reaches the star’s surface, we use

J̇ = Ṁ
p

GMR (6.19)

We balance this with the loss due to gravitational-wave emission (5.33), using the
usual expression

Ė = ⌦J̇ (6.20)

to relate the energy and angular momentum losses. This way we arrive at an estimate
for the deformation required to balance accretion spin-up;
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where ⌫s is the star’s spin frequency. Comparing to the deformation required to explain
the spin-down of the Crab pulsar, see chapter TODO: chap:extreme , this ellipticity
seems small enough to make it plausible that gravitational-wave spindown could play
a role in these systems.

To move beyond this back-of-the envelope understanding, we need to consider two
complicating aspects. First of all, we need to link the observed x-ray luminosity to the
mass accretion rate. This is typically done by assuming that the gravitational potential
energy released by the infalling matter is radiated as x-rays. This leads to

LX ⇡ GMṀ

R
(6.22)

However, most of the observed systems are transients with variable, and often low,
mass transfer rates. For example, SAX J1808.4-3658 has an average x-ray luminosity
in quiescence of about 1031 erg/s. Meanwhile, during x-ray outbursts the luminosity
increases to 1035 erg/s on a timescale of days. The system seems to undergo bursts
lasting for roughly 3 weeks every 2 years or so. Using a single luminosity to infer the
mass accretion rate is clearly an over-simplification, but at least we have an idea of
where to start.

The second aspect that we need to consider is the detailed accretion torque. Our
estimate (6.19) is likely too naive. Unfortunately, this problem is very complicated
and it has proved di�cult to use observations to constrain the theory. There does
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We have discussed the largest permissible mountain, but we would actually like 
to know the smallest deformation we should expect. 

As usual in astrophysics, the answer may be “the magnetic field”.  

Simple estimate (based on energetics) leads to 

If protons form type II superconductor (as expected), the magnetic field is 
confined to fluxtubes. This increases the tension by a factor of Hc/B, where 
Hc ∼ 1015 G, and we get 

The GW emission from known pulsars would still not be detectable... 
The “smallest’’ NS mountain may simply be too small. 
More detailed calculations (pretty much) give the same results. 
In general, the modelling of magnetic deformations is tricky because we need 
the internal field configuration (which is unknown).  
  
 
 



Nevertheless, it is worth taking a brief look at 
this problem. 
There is a competition between the poloidal 
(which makes star oblate) and toroidal (which 
makes it prolate) components.  
The ratio between the two is not known, but 
numerical models tend to find that the toroidal 
contribution is weaker.   
Although… for magnetars it is usually “assumed” 
that the opposite is true. So something is 
“wrong”. 
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the fluid configuration. This statement is quite obvious, but it has not
always been appreciated in discussions of gravitational waves from
magnetically deformed stars. We pay special attention to this issue
by discussing the general problem in Section 2, and then working
out the details for the stellar models we consider in Appendix A
(uniform density) and Appendix B (polytropes). In many respects
the discussion in the appendices is an adaptation of already existing
results. This discussion provides the main input for the deformation
calculation, which is presented in Section 3. The potential impact
of our results on gravitational wave observations is discussed in the
concluding section. Throughout the paper, we consider only dipolar
fields, but the developed formalism is general and can easily be
extended to any magnetic field.

2 M AG NETIC FIELDS IN STELLAR
I N T E R I O R S

Chandrasekhar & Fermi (1953) were the first to realize that a star
would not remain spherical in the presence of a strong magnetic
field. They calculated the deformation of an incompressible star
with a constant dipolar field by minimizing the energy of the config-
uration. The case of a constant-density star with an internal poloidal
field matched to an external dipole was later considered by Ferraro
(1954) and Goosens (1972), by solving the Euler equations. In our
analysis we shall use the latter approach. However, before consider-
ing magnetic deformations it is important to understand which are
the permissible field configurations, given the equation of state. We
shall see that the range of permitted fields is quite restricted for the
simple stellar models that we want to consider.

2.1 Formulating the problem

Let us consider the equilibrium configuration of a magnetic star.
We will assume that the magnetic energy is small compared to the
gravitational energy and that magnetic effects can be treated as a
perturbation of a spherical, non-magnetic, background. This should
always be the case for realistic neutron star parameters.

For simplicity, we will focus on non-rotating stars. Then the
equations of hydromagnetic equilibrium are

∇p

ρ
+ ∇" = (∇ × B) × B

4πρ
= L

4πρ
, (1)

where B is the magnetic field, p the pressure, ρ the density and
L defines the Lorentz force. The gravitational potential " obeys
Poisson equation

∇2" = 4πGρ . (2)

The magnetic field must also obey, from Maxwell’s equations,

∇ · B = 0 (3)

Now, let us suppose that we want to consider a model described by
a barotropic equation of state, ρ = ρ(p). Then, following Roxburgh
(1966) and taking the curl of equation (1), we obtain an equation for
the magnetic field:

∇ ×
[

B × (∇ × B)
ρ

]
= 0. (4)

Since this equation contains the density it should be solved si-
multaneously with equation (1). In other words, the magnetic field
structure is constrained by the density profile. As we discuss in
Appendices A and B, this constraint can be quite severe. The main
problem arises at the stellar surface. It is clear that the requirement

that (4) holds when ρ → 0 may have significant impact on the
magnetic field configuration.

It is quite easy to argue that the constraint (4) may not be that
relevant for more realistic models. This was understood by Mestel
(1956) a long time ago. A possible resolution would be to consider
a more complex equation of state, e.g. including the temperature
dependence. For ρ = ρ(p, T) we should replace (4) by
(

∂ρ

∂T

)

p

∇T × ∇p − ρ2∇ ×
[

B × (∇ × B)
4πρ

]
= 0. (5)

In this equation the first term can (at least in principle) balance
the second in the surface region, thus relaxing the constraint on
the magnetic field. However, this would involve non-spherical vari-
ations in the temperature leading to meridional circulation. This
obviously complicates the problem considerably. In fact, as far as
we understand, there has not (yet) been much progress on solving
this problem. Another potential way to avoid imposing (4) would
be to allow the neutron star crust to supply the stresses needed to
allow the currents required for a smooth matching to the exterior.
One would also need to analyse the transition from the fluid to the
exterior vacuum in detail. However, this is not simply a matter of
joining the interior fluid magnetohydrodynamics equations to a set
of exterior vacuum Maxwell equations. In reality, one would want to
account for the pulsar magnetosphere and the presence of electron-
positron pairs etcetera. This is (again) a much harder problem than
we would want consider at this point.

Accepting that the constraint (4) needs to be considered for our
models, we next assume that the magnetic field only produces small
deviations from a spherically symmetric background model (essen-
tially, we assume that the ratio of magnetic to gravitational potential
energy is small). This allows us to expand all our variables in the
form

ψ(r, θ ) = ψ0(r) + ψ1(r)Pl, (6)

where Pl are the standard Legendre polynomials and ψ1 is a small
perturbation of O(B2). We will concentrate on quadrupole (l = 2)
deformations, simply because they are optimal from the gravita-
tional wave emission point of view, However, the formalism applies
to the general problem, in which case the perturbation is given by a
sum of Legendre polynomials.

We can first of all solve the structure equations in the absence
of a magnetic field and obtain the background model. The result is
then fed into equation (4) to determine B, which we will need in
order to solve equations (1) and (2) to first perturbative order for the
quantities ρ, p and ". Restricting ourselves to axisymmetry, the φ

component of the magnetic force must be zero, as there is nothing
to balance it in equation (1). Hence

[B × (∇ × B)]φ = 0. (7)

With this understanding, let us examine some general magnetic field
solutions for various background models. If one splits the magnetic
field into two components, a poloidal one Bp = (Br , Bθ , 0) and
a toroidal one Bt = (0, 0, Bφ), and introduces a stream function
S(r, θ ) such that

Br = 1
r2 sin θ

∂S

∂θ
, (8)

Bθ = − 1
r sin θ

∂S

∂r
. (9)

Then equations (3) and (7) reduce to (Roxburgh 1966)

Bp · ∇(r sin θ Bt) = 0 (10)
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quantities ρ, p and ". Restricting ourselves to axisymmetry, the φ

component of the magnetic force must be zero, as there is nothing
to balance it in equation (1). Hence

[B × (∇ × B)]φ = 0. (7)

With this understanding, let us examine some general magnetic field
solutions for various background models. If one splits the magnetic
field into two components, a poloidal one Bp = (Br , Bθ , 0) and
a toroidal one Bt = (0, 0, Bφ), and introduces a stream function
S(r, θ ) such that

Br = 1
r2 sin θ

∂S

∂θ
, (8)

Bθ = − 1
r sin θ

∂S

∂r
. (9)

Then equations (3) and (7) reduce to (Roxburgh 1966)

Bp · ∇(r sin θ Bt) = 0 (10)
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Samuel Lander Magnetic fields in axisymmetric neutron starsDifficult to reconcile within the standard assumptions. Hydromagnetic 
equilibrium follows from: 
 
 
-  for barotropes we arrive at the Grad-Shafranov equation,  
-  for non-barotropes we may use “whatever field we like”, but the system will 

not be in chemical equilibrium. 
Note: Few (if any) known equilibria are actually stable! 


