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Overview

• Cavity impedance condition

• Impedance readout

• Experimental demo of IM control 

• Applications of IM control

• Impedance control for (Ad)Virgo

2
Tuesday, 14 December 2010



AEI sensing and control meeting 
14-12-2010 3

 Impedance matching of 
resonant optical systems 
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• Impedance matching for optically resonant systems is a 
kin to that in electrical systems:
– In electrical systems impedance matching provides optimum voltage, power, or 

current transfer.
– In optical systems impedance matching provides the optimum electric field transfer.

 Impedance matching of 
resonant optical systems 
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• Impedance matching for optically resonant systems is a 
kin to that in electrical systems:
– In electrical systems impedance matching provides optimum voltage, power, or 

current transfer.
– In optical systems impedance matching provides the optimum electric field transfer.

• Interrogation and control of the impedance matching 
condition offers an alternative active feedback control 
technique that has applications within GW interferometry, 
absorption spectroscopy, and quantum optics 
experiments.

 Impedance matching of 
resonant optical systems 
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The important parameters that active 
impedance matching optimises are:
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• optimum electric field transfer through the optical 
system.
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The important parameters that active 
impedance matching optimises are:
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• optimum electric field transfer through the optical 
system.

• ensures that the reflected electric field is zero and the 
circulating field is maximised (assuming a back 
mirror who’s reflectivity is dominated by loss).

• by optimising the circulating power, the technique 
also optimises the signal sensitivity of the system.
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Over coupled
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• The impedance condition of a cavity is often described by the 
reflected cavity electric field. 

Over coupled
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Cavity impedance
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• The impedance condition of a cavity is often described by the 
reflected cavity electric field. 

• The reflected cavity electric field is comprised of two terms: 
 - The promptly reflected incident electric field E1
 - The circulating leakage electric field E2.  

Over coupled
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• The impedance condition of a cavity is often described by the 
reflected cavity electric field. 

• The reflected cavity electric field is comprised of two terms: 
 - The promptly reflected incident electric field E1
 - The circulating leakage electric field E2.  

• This gives three impedance conditions, described by the 
mirror reflectivities; Over coupled, Under coupled, and 
impedance matched

Over coupled
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Cavity impedance

• The impedance condition of a cavity is often described by the 
reflected cavity electric field. 

• The reflected cavity electric field is comprised of two terms: 
 - The promptly reflected incident electric field E1
 - The circulating leakage electric field E2.  

• This gives three impedance conditions, described by the 
mirror reflectivities; Over coupled, Under coupled, and 
impedance matched

Under coupled
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Cavity impedance

• The impedance condition of a cavity is often described by the 
reflected cavity electric field. 

• The reflected cavity electric field is comprised of two terms: 
 - The promptly reflected incident electric field E1
 - The circulating leakage electric field E2.  

• This gives three impedance conditions, described by the 
mirror reflectivities; Over coupled, Under coupled, and 
impedance matched

Impedance matched!
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Complex reflection coefficient:    
and amplitude response:

Impedance
matched

Under
coupled

Over
coupled
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• By monitoring the beat signal between the carrier and a set of amplitude modulated 
sidebands which are well outside the coupled cavity linewidth, we can obtain a signal 
which is proportional to the reflected electric field amplitude:
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Figure 6.1: Setup for measuring the impedance condition of a simple Fabry-Perot cavity.
The amplitude modulated sidebands are used to interrogate the real component of the
complex cavity reflection transfer function. The impedance of the cavity is varied by

actuating on the transmission of the input coupler by T (Vact). On resonance, the detected
power reflected off the cavity gives a signal which is proportional to the electric field

amplitude of the carrier signal.

In order to extract a signal which is sensitive to the real part of the reflection
transfer function and measures the sign change between the under coupled and over
coupled cavity, the interrogation technique measures the beat signal between a set
of amplitude modulated sidebands, which are well outside the cavity linewidth, and
the resonant carrier electric field. The detected amplitude modulated electric field
reflected off the cavity can be written as a multiplication of the incident electric field
with the complex cavity reflection transfer function at the appropriate frequencies

Erefl ≈ Eince
iωct

[

R(ωc) +
β

2
R(ωc + ωm)eiωmt +

β

2
R(ωc − ωm)e−iωmt

]

(6.1)

where Einc is the incident electric field, ωc and ωm are the laser and modulation
frequencies respectively in rad/s, R(ωc) and R(ωc ± ωm) represent the Fabry-Perot
cavity reflectivity transfer functions at the carrier and the upper and lower sideband
frequencies respectively, and β is the modulation depth1.

With the assumptions that the cavity is resonant with the carrier frequency and
that the amplitude modulated sidebands are well outside the linewidth of the cavity,
the photodetector output is

Prefl = Pc|R(ωc)|2 + Ps|R(ωc + ωm)|2 + Ps|R(ωc − ωm)|2 +

2
√

PcPs × Re[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)] cos(ωmt) +

2
√

PcPs × Im[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)] sin(ωmt) −
2Ps cos(2ωmt). (6.2)

where Pc and Ps are the optical powers residing in the carrier and sidebands respec-

1Note that equation 6.1 assumes β $ 1.
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• Demodulation allows to extract a signal which is linearly dependent on 
the reflected amplitude response of the coupled cavity.

§6.1 Impedance matching sensing 83

Input coupler transmission T1

10
0

10
-1

10

1.0

-1.0

0

0.5

-0.5

-2

10
0

10
-1

10
-3

10
-4

10
-2

R
ef

le
ct

ed
 p

o
w

er

[A
rb

 U
n

it
s]

R
ef

le
ct

ed
 e

le
ct

ri
c

 f
ie

ld
 a

m
p

li
tu

d
e 

&

  
  

  
  

[A
rb

 U
n

it
s]

10

0

5

C
ir

cu
la

ti
n

g
 p

o
w

er

[A
rb

 U
n

it
s]

i

iii

ii

iv

Figure 6.2: Cavity transfer functions as a function of the input coupler power trans-

missivity: (i) Cavity reflected power. (ii) Cavity circulating power. (iii) Reflected cavity
amplitude response, and (iv) impedance matching error signal.

tively. The top and middle plots in figure 6.2 shows a model of the power reflected
off (i), the power circulating inside (ii) a simple Fabry-Perot cavity, as a function
of the cavity input coupler transmission T1. The bottom plot shows the reflected
cavity amplitude response (iii) and the measured impedance matching signal (iv).
The parameters in the model assume that the cavity is kept on resonance with the
laser frequency, the mirrors are lossless, and the cavity back mirror has a power
transmission coefficient of T2 = 0.1. As the transmission of T1 is varied from a low
transmission to a transmission of unity, both the reflected electric field amplitude
(iii) and impedance matching error signal (iv) decrease, and becomes zero before
changing sign. Notice that at the impedance matching point the reflected power is
zero while the circulating power is maximised.

After detection, the photodetector signal is demodulated with an electronic local
oscillator. The demodulation process, described in section 2.4, shifts all frequencies
up and down by the local oscillator frequency. Demodulating equation 6.2 with
cos(ωmt) shifts information about the real part of the reflection transfer function,
oscillating at ωm to DC like

EQ =
√

PcPs × Re[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)]. (6.3)

The bottom plot of figure 6.2 shows the impedance matching signal EQ as a function
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Impedance sensing

• Subsequent demodulation allows to extract a signal which is linearly 
dependent on the reflected amplitude response of the coupled cavity.
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Figure 6.1: Setup for measuring the impedance condition of a simple Fabry-Perot cavity.
The amplitude modulated sidebands are used to interrogate the real component of the
complex cavity reflection transfer function. The impedance of the cavity is varied by

actuating on the transmission of the input coupler by T (Vact). On resonance, the detected
power reflected off the cavity gives a signal which is proportional to the electric field

amplitude of the carrier signal.

In order to extract a signal which is sensitive to the real part of the reflection
transfer function and measures the sign change between the under coupled and over
coupled cavity, the interrogation technique measures the beat signal between a set
of amplitude modulated sidebands, which are well outside the cavity linewidth, and
the resonant carrier electric field. The detected amplitude modulated electric field
reflected off the cavity can be written as a multiplication of the incident electric field
with the complex cavity reflection transfer function at the appropriate frequencies

Erefl ≈ Eince
iωct

[

R(ωc) +
β

2
R(ωc + ωm)eiωmt +

β

2
R(ωc − ωm)e−iωmt

]

(6.1)

where Einc is the incident electric field, ωc and ωm are the laser and modulation
frequencies respectively in rad/s, R(ωc) and R(ωc ± ωm) represent the Fabry-Perot
cavity reflectivity transfer functions at the carrier and the upper and lower sideband
frequencies respectively, and β is the modulation depth1.

With the assumptions that the cavity is resonant with the carrier frequency and
that the amplitude modulated sidebands are well outside the linewidth of the cavity,
the photodetector output is

Prefl = Pc|R(ωc)|2 + Ps|R(ωc + ωm)|2 + Ps|R(ωc − ωm)|2 +

2
√

PcPs × Re[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)] cos(ωmt) +

2
√

PcPs × Im[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)] sin(ωmt) −
2Ps cos(2ωmt). (6.2)

where Pc and Ps are the optical powers residing in the carrier and sidebands respec-

1Note that equation 6.1 assumes β $ 1.
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Figure 6.2: Cavity transfer functions as a function of the input coupler power trans-

missivity: (i) Cavity reflected power. (ii) Cavity circulating power. (iii) Reflected cavity
amplitude response, and (iv) impedance matching error signal.

tively. The top and middle plots in figure 6.2 shows a model of the power reflected
off (i), the power circulating inside (ii) a simple Fabry-Perot cavity, as a function
of the cavity input coupler transmission T1. The bottom plot shows the reflected
cavity amplitude response (iii) and the measured impedance matching signal (iv).
The parameters in the model assume that the cavity is kept on resonance with the
laser frequency, the mirrors are lossless, and the cavity back mirror has a power
transmission coefficient of T2 = 0.1. As the transmission of T1 is varied from a low
transmission to a transmission of unity, both the reflected electric field amplitude
(iii) and impedance matching error signal (iv) decrease, and becomes zero before
changing sign. Notice that at the impedance matching point the reflected power is
zero while the circulating power is maximised.

After detection, the photodetector signal is demodulated with an electronic local
oscillator. The demodulation process, described in section 2.4, shifts all frequencies
up and down by the local oscillator frequency. Demodulating equation 6.2 with
cos(ωmt) shifts information about the real part of the reflection transfer function,
oscillating at ωm to DC like

EQ =
√

PcPs × Re[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)]. (6.3)

The bottom plot of figure 6.2 shows the impedance matching signal EQ as a function

• The photo detector signal is:
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Figure 6.2: Cavity transfer functions as a function of the input coupler power trans-

missivity: (i) Cavity reflected power. (ii) Cavity circulating power. (iii) Reflected cavity
amplitude response, and (iv) impedance matching error signal.

tively. The top and middle plots in figure 6.2 shows a model of the power reflected
off (i), the power circulating inside (ii) a simple Fabry-Perot cavity, as a function
of the cavity input coupler transmission T1. The bottom plot shows the reflected
cavity amplitude response (iii) and the measured impedance matching signal (iv).
The parameters in the model assume that the cavity is kept on resonance with the
laser frequency, the mirrors are lossless, and the cavity back mirror has a power
transmission coefficient of T2 = 0.1. As the transmission of T1 is varied from a low
transmission to a transmission of unity, both the reflected electric field amplitude
(iii) and impedance matching error signal (iv) decrease, and becomes zero before
changing sign. Notice that at the impedance matching point the reflected power is
zero while the circulating power is maximised.

After detection, the photodetector signal is demodulated with an electronic local
oscillator. The demodulation process, described in section 2.4, shifts all frequencies
up and down by the local oscillator frequency. Demodulating equation 6.2 with
cos(ωmt) shifts information about the real part of the reflection transfer function,
oscillating at ωm to DC like

EQ =
√

PcPs × Re[R(ωc)R∗(ωc + ωm) + R∗(ωc)R(ωc − ωm)]. (6.3)

The bottom plot of figure 6.2 shows the impedance matching signal EQ as a function
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• We can use a Michelson as a variable reflectivity mirror.
• Or we can use a Fabry-Perot cavity as a variable 

reflectivity mirror.
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§6.3 Impedance matching sensing and control for coupled cavities 91

signal.

The intensities reflected off, and transmitted through, the coupled cavity were
monitored on photodiodes Rx and Tx respectively, providing DC and AC coupled
signal outputs. The AC coupled output of Rx was split into three separate paths to
distribute the measured radio frequency signals to the appropriate demodulators for
PDH and impedance matching demodulation. The demodulation electronics of each
error signal included a phase shifter, Φ, which shifted the phase of the appropriate
local oscillator to the correct quadrature. After demodulation, the amplitude and
phase modulated signals were filtered and amplified to use as feedback signals for
mirrors m1 and m3 respectively. All photodetectors, mixers, phase shifters, servos
and high voltage amplifiers used in the experiment are custom built electronics. The
electric schematics for all custom built electronics are shown in appendix C.

6.3.2 Error signals

Figure 6.8 shows oscilloscope data recorded while scanning the signal cavity length
for an arbitrary VRM cavity tuning. This trace was taken by applying a ramp signal
to drive mirror m3 over a full fringe. Optimisation of the demodulation phase for
all error signals was done by observing the demodulated PDH reflection locking and
impedance matching signals on an oscilloscope while adjusting the demodulation
phase. The reflected power (i) is measured on Rx and both the demodulated PDH
reflection locking (ii) and impedance matching error signal (iii) are shown. Note that,
as the cavity is scanned, the impedance matching signal shows three responses, one
at the carrier frequency and one for each amplitude modulated sideband.
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Figure 6.9: Top trace: The normalised transmitted power for three different VRM trans-

mission coefficients Tvrm. Bottom trace: The impedance locking error signal for three
different VRM transmission coefficients Tvrm. As the transmission is varied, the coupling
condition of the cavity changes from over coupled to impedance matched to under coupled.
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Figure 6.7: Simplified experimental layout of the impedance matching experiment. The

reflected and transmitted signals are measured on Rx and Tx respectively.

6.3.1 Experimental setup

Figure 6.7 shows a simplified optical layout and the control system used in the IML
experiment. Although not pictured here, the actual setup contained several mode-
matching lenses and steering mirrors used for beam propagation4. Both lasers in
figure 6.7 were Nd:YAG non-planar ring oscillators which provided a TEM00 mode
at λ = 1064 nm. The mirror and cavity parameters are listed in table 6.1. In order
to actuate on the operating condition of the interferometer, all three coupled cavity
mirrors were mounted on piëzo-electric transducers (PZT).

Table 6.1: Mirror and cavity parameters in the IML coupled cavity experiment.

Parameter Symbol Value

VRM input coupler transmission T1 0.09
VRM output coupler transmission T2 0.3
VRM cavity length Lvrm 0.0037m
VRM free spectral range νFSRvrm 40.5GHz
VRM cavity finesse Fvrm 50
VRM cavity bandwidth γvrm 800MHz
Signal cavity end mirror transmission T3 0.0045
Signal cavity length Lsc 0,3947m
Signal free spectral range νFSRsc 380MHz

4Unless otherwise noted, mode-matching were not more than a few percent of all cavity funda-
mental modes.

Main cavity
Etalon
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Tuning the phase of the VRM cavity was achieved by applying a DC signal
to mirror m1, thereby changing the operating point of the VRM, and the reflec-
tivity coefficient Rvrm. Figure 6.9 shows a close up of the impedance matching
error signal and the transmitted power for three different VRM cavity tunings. The
blue, short dashed trace in figure 6.9 shows an over coupled system. This corre-
sponds to an operating point at which the value for the complex reflection transfer
function is relatively low when compared with the signal cavity end mirror reflec-
tivity. The red, long dashed trace was obtained by slightly adjusting the phase of
the VRM cavity, impedance matching the coupled cavity system. Finally, as the
VRM cavity approaches anti-resonance, the coupled cavity system becomes under
coupled, showing a positive amplitude response. It is clear that when the coupled
cavity is impedance matched, the transmitted power and thus circulating power, is
maximised. All these traces were recorded within a relatively short time span by
capturing the condition on the oscilloscope and downloading it via labview.

6.3.3 Coupled cavity electric fields

To study the behaviour of the impedance matching error signal and to compare
the dynamic range of the feedback signal with that of an ordinary reflection locking
error signal, the quadrature PDH error signal was used. To obtain the reflected VRM
cavity power and reflection locking error signal, the signal cavity was blocked and
mirror m1 was scanned using a 60 VPP ramp at 10 Hz. The dotted lines in figure
6.10 shows the reflected VRM cavity power (i) and the quadrature demodulated
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Figure 6.10: In-phase PDH RF reflection locking error signal compare to impedance
locking error signal. For both the reflection locking and impedance matching error signal

the VRM DOF is scanned. The VRM error signal is obtained while blocking the signal
cavity. The impedance matching error signal is obtain by locking the signal cavity to the
laser frequency and slowly scanning the VRM DOF.
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Figure 6.11: Time domain plot of dynamic control of the coupled cavity bandwidth.

The signal cavity is locked to the laser frequency using PDH reflection locking while the
VRM degree of freedom is locked using the impedance matching readout technique. Top
trace: (i) normalised coupled cavity reflected and (ii) transmitted power. Bottom trace:

(iii) impedance matching interrogation signal.

reflection locking error signal (iv) as a function of displacement.
The impedance matching error signal was obtained by locking the signal cavity

to the carrier frequency using PDH reflection locking and slowly scanning the VRM
cavity with a 60VPP ramp at 0.05Hz. The demodulated impedance matching er-
ror signal was monitored on the oscilloscope and downloaded onto the computer.
The solid lines in figure 6.10 show the reflected coupled cavity power (ii) and the
impedance matching error signal (iii) as a function of displacement. The impedance
matching error signal crosses zero at about 34 nm away from resonance at a VRM
reflectivity of approximately 96%. The lock point of both the PDH reflection locking
error signal and the impedance matching error signal can be adjusted by adding or
subtracting an offset from the error signal. Comparing the linear regions of both
error signals shows that the combination of these interrogation techniques allows to
lock the interferometer over almost the entire VRM reflectivity curve. The slope of
reflection locking error signal is linear through the resonance condition of the VRM
cavity while beyond the VRM cavity linewidth, the impedance matching error signal
can be used.

The ability to tune the bandwidth in a dynamic fashion is demonstrated in figure
6.11. While the coupled cavity system was locked using the impedance matching in-
terrogation technique, a 0.015 V ramp at 0.005Hz was injected into the IML feedback
servo, thereby scanning the coupled cavity bandwidth. The impedance matching er-
ror signal (iii) shows the ramp and as the system is scanned the reflected (ii) and
transmitted power (i) are monitored. As the ramp becomes negative, the coupled
cavity system becomes over-coupled and the transmitted power decreases while the
reflected power increases. The ramp again moves through the impedance matching
condition before the ramp becomes positive and the cavity becomes under-coupled.

Impedance control
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Figure 6.12: Magnitude of the coupled cavity signal responses. (i) Signal response and

fit of an over coupled cavity with a bandwidth γ = 8.8MHz. (ii) Signal response and fit of
an impedance matched cavity with a bandwidth γ = 2.27MHz. (iii) Signal response and
fit of an under coupled cavity with a bandwidth γ = 1.33MHz. Of particular interest is

that the best signal enhancement occurs when the cavity coupling is optimum. Decreasing
the VRM transmission below optimum coupling of the system only degrades the signal

enhancement.

The reflected pow er of the im pedance m atched cavity does not reach exactly zero on

resonance. This is because som e of the pow er resides in the amp l i t u d e- and phase

modulated sidebands. In this case the m odulation index w as a b o u t 0 . 4rad which

theoretically gives approxim ately J0( 0.4) J0(0 .4) Pinc =0 .92 Pinc ofthe resonant car-

rier fi eld.

The signallaser w as u sed to m easure the frequency response ofthe under-cou p led,

over-cou p led and im pedance m atched cases of figure 6.11. Ins tead of a ram p , a

DCo ffset w as injected in the IM L servo, o ffsetting the coupled cavityfrom the

impedance m atching condition. Frequency responses w ere ta ken w ith: + 15m V ,-

9mV,and0Vo ffsets into the servo. F igu re 6.12 show s the signa lresponse data

ofthe coupled cavity system a m odel for the three di fferent offsets. A M atL ab

modelw as used for a b est fit to the data. Table 6.2 show sthe rel evant m easurem ent

param eters for the three di fferent m easurem ents. It is clearfrom fi gu re 6.12 thatthe

optimumbandwidth-sensitivity pro d u ct o ccu rs at im p edanc e m atching. The signal

sensitivity of the coupled cavity is optim um at the im pedanc e m atching condition.

For an u n d er-cou p led cavity both the sensitivity and bandw i d t h is reduced, w hile

for an over-cou p led cavity the bandw idth increases w hile th e sensitivity decreases.

This dem onstrates that the IM L technique optim ises the signa l response of the

interferom eter.
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Table 6.2: Best fit parameters of the coupled cavity signal response data.

Response Coupling VRM reflectivity Coupled cavity Finesse
[%] bandwidth

[MHz]

(i) Over coupled 0.869 8.8 43.2
(ii) Impedance matched 0.968 2.27 167.4
(iii) Under coupled 0.983 1.33 286.2

6.4 Chapter summary

This chapter presented the concept and experimental results of a new closed loop
feedback system which senses and controls the impedance matching condition in
resonant optical systems. The impedance matching readout technique has been
shown to optimise the shot-noise limited resolution of PDH reflection locking systems
and optimise the electric field transfer through resonant optical systems. Finally, the
presented configurations for the impedance matching readout technique has opened
up a wide range of applications for this technique showing that the passive/active
impedance matching readout could be useful in a number of different research fields.
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of T1. Like the reflected amplitude response, the impedance matching signal crosses
zero at the impedance matching condition.

6.2 Impedance matching locking applications and

configurations

The impedance matching interrogation technique offers a zero crossing signal which
can be used for active readout and control the impedance matching condition in reso-
nant cavity systems. Moreover, combining the active optimisation of the impedance
matching condition with PDH reflection locking, optimises the PDH reflection lock-
ing shot-noise limited measurement resolution2

SN (I) =
1

8

√

hcλ

2F2

√

Pc|R(ωc)|2 + 3Ps

PcPs

[

m√
Hz

]

(6.4)

where F is the cavity finesse, Pc and Ps are equal to PincJ 2
0 (δ) and PincJ 2

1 (δ) re-
spectively, Pinc is the total incident power, Jn(δ) is the n-th order Bessel function
of the first kind and δ is the phase modulation depth. Equation 6.4 describes the
shot-noise limited PDH reflection locking measurement resolution for a given set of
optical parameters, at which cavity length fluctuations can be distinguished from the
inherent quantum phase fluctuations on the laser beam. Figure 6.3 shows the PDH
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Figure 6.3: PDH reflection locking shot-noise limited displacement resolution as a func-
tion of T (Vact) for four different modulation depths.

reflection locking displacement resolution from equation 6.4 as a function of T1 for

2the shot-noise limited resolution of PDH reflection locking is derived in appendix A
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Figure 6.5: Experimental setup for the CEAMLAS interrogation technique. The tech-
nique uses phase modulated sidebands to interrogate the resonance condition of the cavity
and amplitude modulated sidebands to provide a continuous loss measurement.

6.2.2 Optical amplitude modulation absorption spectroscopy

In essence, the impedance matching interrogation method provides a cavity en-
hanced measure of loss [91]. On resonance, any intra-cavity absorption causes
a change in the impedance matching condition and can be read-out using the
impedance matching interrogation technique. The limit at which loss can be distin-
guished from the optical shot-noise is the equivalent shot-noise limited loss sensitivity
and is given by

(αl)SN =
π

2F

√

2hν

Pc

[

1√
Hz

]

(6.5)

where α is the absorption coefficient in units of cm−1, and l is the single pass-
sample length. Equation 6.5 gives a cavity enhanced spectroscopic measurement
called “Cavity-Enhanced Amplitude-Modulated Laser Absorption Spectroscopy”, or
CEAMLAS [91], and was demonstrated using guided-wave optics in a proof of princi-
ple experiment. Figure 6.5 shows the experimental setup that was used for readout of
the fiber ring resonator cavity impedance condition. The laser frequency was kept
resonant with the ring cavity using PDH reflection locking while the CEAMLAS
technique provides a continuous measurement of the loss inside the cavity.

6.2.3 Impedance matching for displacement metrology

Another application for the impedance matching interrogation technique is in dis-
placement metrology. Figure 6.6 illustrates two possible configurations that contain
an impedance matching displacement sensor. The left illustration in figure 6.6 shows
a power recycled Michelson interferometer. This configuration appears to be rather
different to the conventional power recycling setup used in gravitational wave de-
tectors. The power recycling mirror is now placed at the transmitted port of the
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In essence, the impedance matching interrogation method provides a cavity en-
hanced measure of loss [91]. On resonance, any intra-cavity absorption causes
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where α is the absorption coefficient in units of cm−1, and l is the single pass-
sample length. Equation 6.5 gives a cavity enhanced spectroscopic measurement
called “Cavity-Enhanced Amplitude-Modulated Laser Absorption Spectroscopy”, or
CEAMLAS [91], and was demonstrated using guided-wave optics in a proof of princi-
ple experiment. Figure 6.5 shows the experimental setup that was used for readout of
the fiber ring resonator cavity impedance condition. The laser frequency was kept
resonant with the ring cavity using PDH reflection locking while the CEAMLAS
technique provides a continuous measurement of the loss inside the cavity.

6.2.3 Impedance matching for displacement metrology

Another application for the impedance matching interrogation technique is in dis-
placement metrology. Figure 6.6 illustrates two possible configurations that contain
an impedance matching displacement sensor. The left illustration in figure 6.6 shows
a power recycled Michelson interferometer. This configuration appears to be rather
different to the conventional power recycling setup used in gravitational wave de-
tectors. The power recycling mirror is now placed at the transmitted port of the
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four different modulation depths. The model parameters used to plot these traces
assume lossless mirrors and a cavity that is resonant with the laser frequency. The
incident laser power is 1W and the back mirror transmission coefficient is T2 = 0.1.
It is clear that for all modulation depths, the optimum displacement resolution
occurs for the impedance matched cavity. Note that, as the modulation depth de-
creases, the optimum displacement resolution at the impedance matching improves
while the displacement resolution away from impedance matching degrades. The
following section describes several applications which could use a combination of
PDH reflection locking and the impedance matching interrogation technique.

6.2.1 Critical coupling of micro-cavities

In recent years, micro-cavities such as the shown in figure 6.4, have gained broad
interest in quantum optics as well as potential devices for sensing [92]. One of the
main challenges in working with these devices is the distance metrology between the
micro-cavity and the tapered optical fiber, used to couple light into these cavities by
evanescent coupling. For the optimum evanescent coupling, proper mode-matching
is required between the tapered fiber and the micro-cavity. Just as important is
the distance between the fiber and the cavity, since the coupling efficiency changes
dramatically over a few microns. Hence any thermal, mechanical, or acoustic pertur-
bations can introduce significant fluctuations in coupling efficiency, severely affecting
the sensing readout, and thus the sensitivity of the device.

Figure 6.4: Micro-cavity with permission from http://www.vahala.caltech.edu/. The

picture shows a micro-cavity where laser light is coupled in through a tapered optical fibre.
The amount of light coupling into the cavity is determined by the evanescent coupling

between the fibre and cavity. Optimum evanescent coupling requires careful control of
the fiber to cavity distance. Using the impedance matching interrogation technique in an
active feedback control mechanism allows to control this fiber to cavity distance.

Active impedance matching can be used to optimise the fiber-to-cavity separa-
tion. The following section shows how the active impedance matching technique can
also provide a shot-noise limited loss or absorption readout [91].
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the beam splitter. Using power recycling to increase the power at the beam splitter
gives this measurement limit

SN t =
1

2Ft1

√

hλc

Pc
≈ 1

2π
√
N

√

hλc

Pc

[

m√
Hz

]

(6.6)

where t1 is the amplitude transmission coefficient of the input mirror, and N is the
cavity bounce number. It is easy to recognise that the shot-noise limited sensitivity
in equation 6.6 is inversely proportional to the cavity amplitude gain or the square
root of the bounce number

g =
t1

1 − r1r2
≈ Ft1

π
(6.7)

= N t1
2
≈

√
N (6.8)

where g is the amplitude gain of the cavity. Note that the approximation made for
equations 6.6 to 6.8 are valid for moderate to high finesse cavities with F > 30.

Using the impedance matching interrogation technique to readout the differential
displacement of the Michelson interferometer relies on the matching the apparent
reflectivity coefficient of the Michelson interferometer to the reflectivity of the power
recycling mirror. Differential path length fluctuations change the apparent reflec-
tivity coefficient of the Michelson interferometer, changing the coupling condition of
the power recycling cavity accordingly. Using the impedance matching interrogation,
the sensitivity to differential displacement of the end mirrors is

SN (Q) =

√
3

8F

√

hλc

2Pc
=

√
3

4πN

√

hλc

2Pc

[

m√
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]

(6.9)

Inspecting 6.9 shows that the shot-noise limited displacement sensitivity of the IML
techniques scales inversely with the bounce number compared to the inverse square
root of the bounce number for traditional sensing at the transmitted port of the
power recycled Michelson interferometer. The full derivation of the shot-noise lim-
ited differential displacement resolution of the above power recycled Michelson in-
terferometer readout techniques is given in appendix B.

6.3 Impedance matching sensing and control for

coupled cavities

The following section describes the results of a bench-top proof of principle experi-
ment, using the IML control system. The aims of the experiment were: to explore
the dynamic behaviour of the control system; to verify that the impedance matching
condition maximises the electric field inside and transmitted through the cavity; and
to demonstrate the ability to offset the IML error signal and use the IML technique
to create a variable finesse coupled cavity system.
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6.3 Impedance matching sensing and control for

coupled cavities

The following section describes the results of a bench-top proof of principle experi-
ment, using the IML control system. The aims of the experiment were: to explore
the dynamic behaviour of the control system; to verify that the impedance matching
condition maximises the electric field inside and transmitted through the cavity; and
to demonstrate the ability to offset the IML error signal and use the IML technique
to create a variable finesse coupled cavity system.

Mich. op. cond.SNL sensitivity

φm = 0

φm = arccos(t1)
(assuming lossless mirrors)

*

*
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